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Introduction

Introduction. In the previous section we built an unbiased estimator of
the expected value Ex(W¥) of any W = ¢(R). Given a sample {Ry}5_;
drawn from the probability density q(R), generate {W,}L_ with

W, = ¢(Ry). For any choice of positive weights {Wd}c?:l that sum to 1
we defined the sample mean by

D
Ex(V) =Y wqVy. (1.1)
d=1

We showed that Ex(W) estimates Ex(W) in the sense that it is more likely
to take values closer to Ex(W) for larger samples {R4}5_;.

In this section we build an unbiased estimator \7r(\lf) of the variance
V(W) of any W = 4)(R). This will be done with analogs of the three facts
that were used in the previous section. We start by recalling those facts.
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Introduction (Review of Fact 1, Fact 2 and Fact 3)

Fact 1 said that if Ex(|V|) < oo then
Ex(Ex(V)) = Ex(V). (1.2a)
Fact 2 says that if Ex(W?2) < oo then
Vi(Bx(V)) = @ Vi(V), (1.2b)
where
D
W= wg. (1.2¢)
d=1
Fact 3 said that if Ex(W?) < co then for every § > /W, we have

Pr{’ﬁ;{(\lf) - EX(W)] >6SD(W)} < 2. (1.2d)
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Variance Estimators (Introduction)

Variance Estimators. Because g(R) is unknown, the variance Vr(V) of
any W = ¢)(R) must also be estimated from data. Suppose that we draw a
sample {Ry}5_; from the probability density g(R) and generate {W,}0_,
with Wy = 9(Ry). For any choice of positive weights {wy}5_; that sums
to 1, we can estimate Vr(W) by the sample mean

E?((xu - Ex(llf))z) _ i wo(Va — Ex(¥)) . (2.3)

d=1
But because Ex(W) is unknown, this approach is useless!

Rather our starting point will be the so-called sample variance obtained by
replacing Ex(V) in (2.3) with the sample mean Ex(V¥), yielding

D
SmpVe(W) = 3 we(Va — Ex(¥)) . (2.4)
d=1
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Variance Estimators (Sample Variance)

Fact 4. If Ex(W?) < oo then

Ex(SmpVr(V)) = (1 — w,) Vr(V), (2.5a)
where w, is given by
D
W= wg. (2.5b)
d=1

2
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Variance Estimators (Sample Variance)

Therefore, using Fact 1, we have

Ex(Smp V(¥ Z Wy EX<(\ud - Ex(\ll))2>

2
- Ex((Ex(w) ~ Ex(V)) ) (2:6)
= Vi(¥) - Vr(Ex(V)) .
By Fact 2 we have
Vi(Ex(W)) = @ Vi(V).
Therefore (2.6) becomes
Ex(SmpVr(V)) = (1 — w,) Vr(V),
which is assertion (2.5). This proves Fact 4. O]

C. David Levermore (UMD) 1ID Models for Assets March 27, 2022



Variance Estimators
000@0000

Variance Estimators (Biased and Unbiased Estimators)

Because Ex(SmpVr(V)) # Vr(V) we see that SmpVr(V) is a biased
estimator of Vr(W). However, consider the quantity

1

Y

Vi(W) = : SmpVr(V). (2.7)

Fact 4 immediately implies the following.

Fact 5. If Ex(W?) < oo then
Ex(Vi(W)) = Ve(V), (2.8)

whereby Vr(W) is an unbiased estimator of Vr(W).
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Variance Estimators (Biased and Unbiased Estimators)

Remark. Because

o~

V(W) — SmpVr (W) = w, Vr(V),

we see that SmpVr(W¥) and \//\r(\U) will both be estimators of Vr(WV).

Remark. Fact 5 that \//}/QU) is an unbiased estimator of Vr(W) is the
analog of Fact 1 about Ex(WV).

Remark. Formula (2.7) for \/f;(lll) gives an unbiased estimator for any IID
model. It does not give an unbiased estimator for all probabilistic models!

Later we will present facts that make more precise the sense in which the
quantity Vr(W) approximates Vr(W). They will show that Vr(V¥) is more
likely to take values closer to V(W) for larger samples {Ry4}5_;.
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Variance Estimators (For Expected Value Estimators)

The unbiased estimator Vr(W) for Vr(V) leads to an unbiased estimator
for the variance of Ex(W). Indeed, because Fact 2 says that

Vi(Bx(W)) = & Vi(V),
Fact 5 implies that the variance of Ex(W) has the unbiased estimator
Vi(Bx(W)) = & Vi(V).

Then the standard deviation of Ex(W) has the (biased) estimator
SD EX W/Vr EX =/ W \/Vr(\ll
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Variance Estimators (Expected Value Certainty Metric)

A signal-to-noise ratio for E/J}(\U) is

Ex(V)

SNR(Ex(V)) = W .

The larger this SNR, the more certainty we have in the estimator E/);((\U)
If a ratio of at least r, is desired then this certainty can be scored by

SEX(W) _ s _ e w, Vr(V) '
r2 + SNR(Ex(V))®  r2w, Vr(V) + Ex(V)2
The closer this is to 0, the more certainty we have in the estimator E;c(\ll)

The closer it is to 1, the less certainty we have in the estimator Ex(W).
When D = 250 modest values can be chosen for r,, like 2, 5, or 10.

C. David Levermore (UMD) 1ID Models for Assets March 27, 2022



Variance Estimators
0000000e

Variance Estimators (Example: [i Certainty Metric)

Example. If asset i has return history {ri(d)}J_; then its weighted
sample mean and variance are

b D 2
m; = Z wyri(d), Vi = Z Wd(ri(d) - m;)
d=1

d=1

Then our certainty in m; as an estimate of ;1 = Ex(R) is scored as

r 2— /i
~ o 1— n
wh = ~ = 5
D
rg T—w, Vii + m

For uniform weights w, = D, whereby this becomes

2 1
ro o= Vii

Vu+m

o
w
] 2 1
e p=1
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Variance of Variance Estimators (Formula)

The next fact computes the variance of Vr(W), the estimator of Vr(W).
Fact 6. If Ex(V*) < oo then

(1_; W); (3.9a)
we—w 5
+2 = wy Vr(W)<,

where w, w2, and w3 are given by

D
= >,
d=1

N

D D
=Y wg, w3=> wi. (3.9b)

Remark. This fact about Vr(W) is the analog of Fact 2 about Ex(W).
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Variance of Variance Estimators (Proof)

Proof. The first step is to let Uy = Wy — Ex(W) and to express Vr(V) as

D N D D o
Z Wy \V3 — Z Z Wd1 Wd2 Wdlde
d=1

di=1dr=1

V(W) =
By squaring this expression and relabeling some indices we obtain

V()2 ZZ Wde’ AT

d=1d'=1
D
WdeWd
_222 Z ( - 2\wafhwfb
d=1d1=1dr=1
D D D

+ Z Z Z Z Wled2Wd3Wd4 wdlwdzwd3wd4'

di=1dr=1d3=1ds=1
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Variance of Variance Estimators (Proof)

Next we compute Ex(\//\r(\ll)z). This task will take the next four slides.
The details are not meant to be absorbed during lecture, but should be
read, studied, and understood.

It should be clear from the previous formula that we will need to compute
EX({DC% {Ivfgx) 5 EX({D‘? {I}dlqldz) 5 EX(®d1®d2@d3@d4> .

These expected values can be evaluated in terms of the Kronecker delta,
ddq’, Which is defined by

1 ifd=d,
ddd’ = . ,
0 ifd#d.
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Variance of Variance Estimators (Proof)

Because \Tid and \Tld/ are independent when d # d’, and because
Ex(\Ud> — 0, we find that

Ex(V303) = dg Bx (V) + (1 - daa) Ex(92)"
Bx(V3 00,94,) = S S Bx(94) + (1= 0 Ex(9)) |
Ex (W, Vo, Ve, W, ) = Oy, Dapdy Doy Exc (W)

+ Odydy Oty (1 5d1d3)Ex(\U2)
+ 8y Ogay (1 5d1d4)Ex(\U2)
)

+ 5d1d4 5d2d3 ( 5d1d2 Ex (\Uz)

C. David Levermore (UMD) 1ID Models for Assets March 27, 2022



Variance of Var Est
0000000

Variance of Variance Estimators (Proof)

Recalling w, w2, and w3 defined by (3.9b), we have the sum evaluations
D D

D D
Z Z Wde/(de/:W, Z Z Wq Wy (1—(5ddl):1—ﬁ/,
d=1d'=1

d=1d'=1
D D D o
SN Wawa e, Oday Oy, = W2,

D D D D o
SN W W Way Wa, Oy Ocods Octzdy = W3

D D D o
DD DD Weh Wl Wl Wty Oty Oty (1 — Sya) = W* — w3
di=1dry=1d3=1ds=1
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Variance of Variance Estimators (Proof)

Then the expected value of the quantity \//Ir(\ll)2 given four slides back is

Ex(Vr(w)?) = (1__W)EX(\IJ4) (ll_W)Ex(\Uz)z
w2 ~ W — w2 _
2 o (W) <2 T (9
By
+ o (W) +3(1)2EX<"’2)2
w—2w2 + w3 ~
= ()
Lo S B I S i (9)'
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Variance of Variance Estimators (Proof)

Because Ex(\Tl2> = Vr(V) and EX(\TJ4> = Vr((lez) + Vr(W)?2, we get

1—w)?
— W+ 2w2 4+ 2w? — 3w3 2
Vr(V
" (1= w) ")
w —2w? + w3 ~ w2 —ws
= Vr(W?) +2 Vr(W)?
awp (V) 2 )
This is equivalent to (3.9a), thereby proving Fact 6. O
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Variance Certainty (Chebyshev Inequality)

Variance Certainty. Start with the Chebyshev inequality for \//;(\Il)
Fact 7. If Ex(V*) < co and A > 0 then

—~ 1 —~
Pr{‘Vr(\U) - Vr(\lf)‘ >} < 2 vi(Vi(w)) (4.10a)
where by formula (3.9a) in Fact 6 we have

Vi(Vi(v)) = F-2wi 4w w((w - Ex(\lf)>2>

- EV): (4.10b)
+2 a_ape Vr(V)?,

with
D ) D
V_v:ZWf, W2:ZWd3, 3= wy.
d=1 d=1
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Variance Certainty (Chebyshev Inequality)

Remark. Fact 7 is the analog for \//}(\IJ) of Fact 3 for E;{(\ll)
Proof. If Ex(V*) < oo then for every A > 0 we have

Pr{|Va(w) - V()| > A}

— [ 4(R1) - g(Ro) dRy -~ dRp
{[Vr(w)—ve(w) |22}

3 00 ’; —Vr 5
S/_l /_1 |Vr (V) )\2V (V)| g(R1)- - q(Rp)dRy - - dRp

= %Vr(\//;(\lf)) .

This proves Fact 7. []
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Variance Certainty (Accuracy)

The Chebyshev inequality (4.10a) is equivalent to

Pr{[Vr(w) - Ve(w)| < A} > 1 - % SD(\71~(\U))2

Let p € (0,1). By setting

1- %SD(\/I}(W))z =p,

this inequality says that with probability at least p the value of \//}(\U) will
lie within the interval

(Vr(lll) - 11_ _

1
I—-p

SD(V(W)) , Vi(w) + sn(ﬁ(w))) .

For each p the width of this interval vanishes like SD (\//;(\U)) as w, — 0.
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Variance Certainty (Bounding the Variance)

For uniform weights formula (4.10b) reduces to
_ o B 2 ) )
Vi(Ve(w)) = 4 Ve ( (W= Bx(¥)) ") + gy Vi(W)?. (4.11)

Therefore SD (\//?(\U)) vanishes like % as D — oo for uniform weights.

In order to study cases with nonuniform weights we will bound the
coefficients of

Vr((lll—Ex(\U))2) and  Vi(¥)?

that appear in formula (4.10b) for variance of \//\r(\ll) with upper bounds
that depend upon w but not upon w2 or w3.
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Variance Certainty (Bounding the Variance)

Remark. The first coefficient in (4.11) is the smallest possible because
the Cauchy inequality with a; = 1 and by = wy(1 — wy) yields

(- < (£) ().

whereby the first coefficient in (4.10b) can be bounded below as

w—2w2+ w3 1 b
(1—v'v—)|—2 :(1—.7./)2;(1_'/'/")2'”6’2
2
1
e b (0 w)
(1_1V—V)2L1)(1 ‘7‘/)2:%'
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Variance Certainty (Bounding the Variance)

Fact 8. If Ex(W*) < 0o and wg < 3 for every d then

2

—~ 2 2w
Ve (Ve(w)) < w( W — Ex(V) ) + 2% ), (4.12a)
( ) b ( ) 1—w,
where w, is given by
D
W= wy. (4.12b)
d=1

Remark. Here w, is what was denoted as w in Fact 7.

Remark. Inequality (4.12) is sharp because for uniform weights w, = %,
whereby we see from (4.11) that it is an equality for uniform weights.

Remark. Inequality (4.12) implies that SD(\//}(\II)) vanishes like /W, as
w, — 0 for general weights.
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Variance Certainty (Jensen Inequality)

Our proof of Fact 8 uses a version of the Jensen inequality that we now
state and prove.

Jensen Inequality. Let g(z) be a convex (concave) function over an
interval [a, b]. Let the points {zy}5_; lie within [a, b]. Let {wy}5_; be
nonnegative weights that sum to one. Then

g2)<e@) (e <e?), (4.13)
where

D D
z=Y wyzq, g(z) = wag(zd)-
d=1 d=1

Remark. There is an integral version of the Jensen inequality that we do
not give here because we do not need it.
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Variance Certainty (Jensen Inequality)

Proof of the Jensen Inequality. We consider the case when g(z) is
convex and differentiable over [a, b]. Then for every z € [a, b] we have the
inequality

g(z) > g(z)+g'(z)(z—2) for every z € [a, b] .

This inequality simply says that the tangent line to the graph of g at Z lies
below the graph of g over [a, b]. By setting z = z4 in the above inequality,
multiplying both sides by wy, and summing over d we obtain

> was(z4) = 3 wo (e(2)+£(2)(za—2))
de—i-g z)(Z (zd—z)>.

d=1

The Jensen inequality then follows from the definitions of z and g(z). [
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Variance Certainty (Jensen Inequality)

Remark. The proof for the concave case follows from that of the convex
case because if g(z) is concave over [a, b] then —g(z) is convex over [a, b].

Remark. The assumption that g(z) is differentiable simplifies the proof,
but is not required. In what follows the Jensen inequality will be applied
only to differentiable functions.

Example. For every p > 1 the function g(z) = zP is convex over the
interval [0,00). Then the Jensen inequality (4.13) with zy = wy yields

WP < WP, (4.14)

This application of the Jensen inequality to a power function arises often.
For example, it will arise in our proof of Fact 8.
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Variance Certainty (Proof of Fact 8)

Proof of Fact 8. First we bound the coefficient of Vr((lll — Ex(\U))z) in

formula (4.10b). It can be checked that the function g(z) = z — 222 + 23
is concave over [0, %] Hence, when the weights {wy}5_; all lie within
[0, 3] the Jensen inequality with zg = wy yields

2 3

w—2w?+wd=g(w)<gw) =w-2w" +w’.

In that case the coefficient of Vr((\ll — EX(\U))2) can be bounded as

w—2w2+wd  w-—2w?+wd
1-w)32 - (1-w)?

=w.
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Variance Certainty (Proof of the Bounds)

Next we bound the coefficient of Vr(¥)? in formula (4.10b). Inequality
(4.14) with p = 3 becomes w3 < w3. Therefore the coefficient of Vr(W)2
in formula (4.10b) can be bounded as

wr—-wl _wr-wd W

A-we -(-wp 1-w

2

Becuase w = w,, we have proved Fact 8. O

Remark. The hypothesis in Fact 8 that wy < % for every d was only used

to bound the coefficient of Vr((\ll — EX(\U))2) in formula (4.10b). With
more refined arguments it can be weakened to

wyg <2—2w, foreveryd.

This condition holds whenever w, < % or whenever wy < % for every d.
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Variance Certainty (Quartic Deviation Bound)

The last fact about Vr(W) is another analog of Fact 3 about Ex(V).
Fact 9. If Ex(V*) < co and W, <  then for every § > /Wp we have

Pr{’\//\r(\ll) - vr(w)] > §Dva(V)2} < W

< 5—;’, (4.15)

where Dvy (V) is the quartic deviation of W that is defined by

Bl

Dva(W) = EX((W - EX(\U))4)

Remark. This is similar to inequality of Fact 3. The difference is that the
role played by SD(W) in Fact 3 is played here by the quantity

Dva(W)? = \/Ex((\ll ~Ex())*).

This is the square root of the fourth central moment of V.
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Variance Certainty (Quartic Deviation Bound)
Proof. By inequality (4.12) of Fact 8 and the fact w, < 3 we have
2 WD? )2

(

Vi(Vi(w)) < @ Vi ((W - Ex(v))?)
o - N 2w, )
_— [Vr (v — Ex(v))?) e Vi) ]
<, [Vi((W = Bx(¥))?) + Va(W)?|
= it Bx((V = Ex(¥))") = i, Dva(W)*,
Setting A = § Dv4(W)* in the Chebyshev inequality (4.10a) of Fact 7 and
using the above inequality gives
_ Vr(Vr(V))  w
2 D
Pr{|Ve(w) - Vi(W)| > 5 Dva(¥)?} < POV S 52
id
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This is (4.15), so Fact 9 is proved
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Variance Certainty (Law of Large Numbers)

Remark. The condition w, < % in Fact 9 implies the condition wy < %
for every d in Fact 8 because (4.12b) implies that w? < w, for every d.

Remark. Fact 9 shows that the estimators Vr(W) converge to Vr(V¥):

V_VmEO\Tr(w) = Vr(V).

D

More precisely, it shows that these estimators converge in probability. This
is the analog for variance estimators of the weak law of large numbers for
sample means.

The analog of the strong law of large numbers for sample means asserts
that the variance estimators also converge almost surely.

These notions of convergence are covered in advanced probability courses.
In practice D is finite, so these limit theorems are of limited use.
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