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Two-Rate Model Portfolios: Allocations

Now we extend the notion of Markowitz portfolios to portfolios that might
include a safe investment with rate p; and a credit line with rate p
where p < i

Let by (d) and b (d) be the balances in these assets at the start of day d.
We require that b(d) > 0 and b,(d) < 0.

A Markowitz portfolio containing these risk-free assets and N risky assets

is uniquely determined by real numbers f, f,;, and {f;}); that satisfy

Here f; is the allocation of the portfolio in the safe investment, £ is the

allocation of the portfolio in the credit line, and f; is the allocation of the

portfolio in the i*" risky asset.

C. David Levermore (UMD) Portfolios with Risk-Free Assets March 15, 2022



Two-Rate Portfolios
00000

Two-Rate Model Portfolios: Values

The portfolio is rebalanced at the start of each day so that

bi(d) _ by(d) _
w(d—l)_fSi’ Tr(dl—l)_fd’
ni(d) si(d — 1)

=f; fori=1,---, N.
w(d—1) or i

Its value at the start of day d is

N
m(d —1) = by(d) + by(d —|—Zn, ,
i=1

while its value at the end of day d is approximately

N

m(d) = by(d) (1 + pgi) + baa(d) (1 + prer) + Z ni(d) si(d).
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Two-Rate Model Portfolios: Returns

We can thereby approximate the return for day d as

_ m(d) —7(d—1)
()= ——@—1

bald) i, bald)ta | 5~ _ni(d)

- 7(d —1) + m(d —1) d—1) (si(d) — si(d — 1))

i=1

_ bl | bl g nild)sild —1) si(d) —si(d = 1)

Ta(d-1) " w(d-1) & w(d-1) si(d—1)
N

= fsi Hsi + fclucl + Z fl rf(d) = f;i Hsi + f::l Hel + fTr(d) :
i=1

We thereby obtain the formula

r(d) = f;i Hsi + fz:l Hel + fTr(d) :
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Two-Rate Model Portfolios: Means and Variances

The portfolio return mean p and variance v are then given by

D
=" w(d) (i s + o 11 + F¥(d))

d=1
f i Msi + fl Hel + f m,
D D )
v= Z w(d) (r Z —f'm)
d=1 d=1

D
= f! <Z w(d) (r(d) — m)(r(d) — m)T> f = fIVf.

d=1

We thereby obtain the formulas

N:@iﬂsi+fclﬂc1+me, v = fIVF.
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Two-Rate Model Portfolios: M

The set of allocations of all assets in the Two-Rate Model is

Mo = {(f, £;,f1) RV xR xR :

1.1
. ) (L)
VfE+f+1f,=1,1,>0,f,<0¢.

The volatility and return mean for the allocation (f, f;, f,) € M> are

The fundamental difference between this Two-Rate model and the
One-Rate model treated earlier is the presence of the two inquality
constraints in definition (1.1) of Mo.
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Two-Rate Model Frontiers: Introduction

The frontier for this model is found by seeking a minimizer of o(f, f;, f,;)

over (f, fy, f,;) € M> while holding p(f, £, f,;) fixed. This becomes the
constrained minimization problem

f‘

min { 360V © (F, £, £1) € Mo, o(f, £y, £1) = (2.2)

%)

Because of the inequality constraints in definition (1.1) of Mo, this
problem can not be solved using the method of Lagrange multipliers.
Rather, we will use capital allocation lines (CAL) to construct the set

T(Mo) = { (o(F, £, f) nlf i ) = (Fofy ) € Mo} (23)
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Two-Rate Model Frontiers: CAL Constructions

Our construction has two steps.

@ We first enlarge M to M, by including safe investment allocations.
More specifically, we start from X (M) and use CAL to construct

(M) = {(o(F.£), 0. £)) + (F.£) € Mg}, (24)
where

Mg ={(F.f) RV xR : TF4 £, =1, f;>0}. (2.5)

» Usi

@ We then enlarge M to M3 by including credit line allocations. More
specifically, we start from X(M,;) and use CAL to construct ¥ (My).
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Two-Rate Model Frontiers: ¥ (M.,)

For every (G, fi) € £(M) the CAL construction yields points
(Ja :u) S Z(Mm) given by

o=1¢l6, p=0o¢i+(1—-9)uy,

for every ¢ € (—o0,1]. The condition ¢ < 1 insures that there is no short
position in the safe investment.

There are three cases to consider:
@ Hsi = My
® Usi < My,
® Usi > Pmy-

The first case is easy because the Tobin frontier allocation holds a long
position in the safe investment, and thereby is in M.
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Two-Rate Model Frontiers: fiy 7# fi,y

When gy # 1, the tangency point associated with g is (0, s ) Where

’:u’st - /’Lsi| V812 Un%v
Oy = 0 g = g T
* Y T iy — b
— 1 \2
af = (= TV (m — gg) =, o (Pt
mv

o When p; < fi,,, this point is on the efficient Markowitz frontier.
o When p; > pi,,, this point is on the inefficient Markowitz frontier.

The tangent portfolio allocation associated with p; is

Hst — Hsi yy—1 mv -1
f, = V7 (m—pgyl) = V7 (m — pugyl).
‘ 1/512 ( > ) Hmy — Hgi ”
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Two-Rate Model Frontiers: fiy 7# fi,y

The Tobin frontier and frontier allocation associated with p are given by

sf(M)=M7 f

O, S
L

() = B LS v (m — 1),

Vi

The allocation £

i in the safe investment of f(u) is

_ T (= ) (g — )
=1-1f4(p)=1- -y :

f‘

si

@ When g < p,,, the constraint f; > 0 is equivalent to 1 < .
Therefore when p < pg this Tobin frontier allocation does not hold a
short position in the safe investment, and thereby is in M.

e When pg > p,,, the constraint f; > 0 is equivalent to 1 > .
Therefore when p > pg this Tobin frontier allocation does not hold a
short position in the safe investment, and thereby is in M.
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Two-Rate Model Frontiers: pg <

mv

When pg < piy,, and > pg the CAL construction only yields portfolios
with o > o_¢(p).

Therefore when p; < i, the frontier of ¥(My;) is o = o;(n) where

o (p)  for p < pig
op(p) = f( ) ‘
Oe(1)  for o> prg .

Because 1y < ppy < fig the efficient frontier of (M) is 1 = pe(0)
where

Mef(O') _ {/’Lsi + Vg0 fOl’ S [07 Ust) )
Memf(a) foro € [Ust> OO) .
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Two-Rate Model Frontiers: g >

mv

When g > p,,, and p < p the CAL construction only yields portfolios
with o > o, (1.

Therefore when pi; > 1, the frontier of ¥(My;) is 0 = o;(i) where
ome(p)  for p < pug,
() = { o) t
o(p)  for p = pg .

Because (1, < piy < fg the efficient frontier of (M) is 1 = pe(0)
where

)uef(o-) = Hgi T Vg0 for o € [07 OO) :
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Two-Rate Model Frontiers: X (M,,) Summary

In summary, the efficient frontier of £ (M) has two cases.
o If . < pg then the efficient frontier of (M) is given by
= 11(0) where

pei(0) = psi +vgo  for o € [0,00) . (2.6)
o If py < pp,, then the efficient frontier of X(My;) is given by

= 11g4(0) where

(2.7)

Usi + 1,0 foro€[0,0y),
Mef(o-) =

:uemf(o-) for o € [Ust’ OO) :

This is all that we need to go onto the second step of our construction.

C. David Levermore (UMD) Portfolios with Risk-Free Assets March 15, 2022



Two-Rate Frontiers
000000008000000

Two-Rate Model Frontiers: ¥(C,)

For every (f, ?Sl) € Mg and every ¢ € [1,00) the capital allocation line is
(F. £ ) = (o, 0%, 1 - 9).

The condition ¢ > 1 insures there is no long position in the credit line.
Verifying that (f, f;, ) € My is easy.

cl

This construction yields the point (o, 1) in the opu-plane given by
=065, p=¢ji+(1-0)ua, (2.8)
where (&, fi) € £(My;) is given by
§=VIVE,  j=mf+ pf,.

Because (f, 1, f,) € Co C M3 we have (o,u) € £(C2) C L(Mo).

s 'sis el
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Two-Rate Model Frontiers: ¥(C,)

For each (&, fi) € £(My;) the construction (2.8) is a ray on the line
through the points (0, 1;) and (&, fi) that starts at (&, /i) and moves away
from (07 :ucl)'
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Two-Rate Model Frontiers: 1., # 1

mv

When 1 # p, the tangency point associated with p is (o, f1.) where

[Hot, = 1| 202,
Oup — — M = ’u 1 + — =
ct Vcl ct c Loy — /Lcl
2
2 Tv— 2 Py — K
vt = (M= pal) VI M = pal) =y, + (c,l) .
mv

@ When p < py,, this point is on the efficient Markowitz frontier.
o When p > py,, this point is on the inefficient Markowitz frontier.
The tangent portfolio allocation associated with p, is

fct = MCtI/_2HC1 Vﬁl(m - :U’cll) = o Vﬁl(m - :U’cll) :

cl mv — Ml
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Two-Rate Model Frontiers: ¥ (M,) Summary

In summary, the efficient frontier of ¥(M,) has three cases.
o If ., < g < p then there is no tangency point on the efficient
Markowitz frontier and the efficient frontier of ¥(M53) is given by
= f1gg(c) where

Uer(0) = psi + Vg 0 for o € [0,00). (2.9)

o If i < piny < i then (oy, 11y ) is the only tangency point on the
efficient Markowitz frontier and the efficient frontier of ¥(My) is
given by p = p1¢(0) where

si 1 fi € 07 st ) )
uef(a>:{“ Tuo foro€l0.oy) (2.10)

lu’emf(o-) for o € [Ustv OO) .
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Two-Rate Model Frontiers: ¥ (M,) Summary

o If Hgi < Hel < Hmy then both ( stv”st) and ( ctnuct) are tangencey
points on the efficient Markowitz frontier and the efficient frontier of
Y (My) is given by = p (o) where

Usi + 10 for o €[0,04),

ch(a) = :uemf( ) for o € [ Ost» ct)7 (2'11)
pel + v 0 for o € [o,,00).

In all three cases

T(Mo) = {(0:1) €[0,00) xR : p < piglo) . (212)
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Two-Rate Model Frontiers: Efficient Allocations Summary

The efficient portfolio allocations of Mo also has three cases.

o If p, < g < e then there is no tangency point on the efficient
Markowitz frontier and the efficient portfolio allocations of M5 are

(—Ufst, 1+U,0> for o € [0,0). (2.13)

Ogt Ogt

o If i < pny < i then (oy, 11y ) is the only tangency point on the
efficient Markowitz frontier and the efficient portfolio allocations of

Mo are
ag ag
<O_Stfst, 1—O_St,o) forO'G[O,GSt),

(2.14)

<femf(a) 0. o) for o € [y, 00) |
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Two-Rate Model Frontiers: Efficient Allocations Summary

i let) Are tangencey
points on the efficient Markowitz frontier and the efficient portfolio
allocations of M are

o If Hsi < Hel < Py then both (Ustv Mst) and (G

Ost Oy

<stt, 1”,0) for o € [0,0,)
t

< femf(a) ) 0 ’ 0 > fOI’ S [O-stﬂo-ct]v (215)

<cht,0,1a> for o € (0, 0) .

Oct Oct
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