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Introduction

Given a return history {r(d)}gzl for N risky assets, a choice of positive
weights {Wd}("]:1 that sum to 1, and using the one risk-free rate model
with risk-free rate 11, a cautious investor might select a risky asset
allocation f from a set 1 C M that maximizes a cautious objective

TX(F) = A(F) = x V(). (1.1a)

where x > 0 is a caution coefficient chosen by the investor,

D

A(F) = D7 wa log (1 + pugs + (r(d) — pugl) ')
o (1.1b)

£ = wa (Iog(1+ jug + (r(d) — 1)) —4() .
d=1
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Introduction

We now consider some settings in which mean-variance approximations to
this optimization problem can be solved analytically. These approximations
replace the objective (1.1) with estimators that depend only on:

o the risk-free rate (1,

@ the return mean vector m,
@ the return covariance matrix V,
@ the nonnegative caution coefficient y,

where m and V are obtained from the return history {r(d)}5_; by

D

D
m=> wyr(d), V= wg(r(d)—m)(r(d)-m) . (1.2)
d=1

d=1
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Introduction

In the previous section we saw that the maximizer f, for such a problem
corresponds to a point (o, it«) on the efficient frontier. Moreover, we saw
that (o4, f1+) is the point in the op-plane where the level curves of the
objective are tangent to the efficient frontier. While this geometric picture
gave insight into how optimal portfolio allocations arise, the form of the
approximations that we used made comparing the results messy.

In this section we:

@ identify a symmetry in the one risk-free rate model,

@ derive some new mean-variance approximations of the family of
cautious objectives (1.1) that respect this symmetry,

@ solve the maximization problem for these new objectives over their
natural domains,

@ compare the results and draw some lessons from these comparisons.
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Introduction

The explicit formulas for the maximizer f, that we derive will confirm the
general picture developed in the previous section. Moreover, the symmetry
preserving properties of the new approximations facilitate comparisons and
allow us to gain insights into the relative merits of the different families of
approximate objectives. We will see that

@ the maximizers when x = 0 give different realizations of the Kelly
Criterion — so-called fortune’s formulas;

@ the maximizers when x > 0 give different realizations of fractional
Kelly strategies.

We will derive and analyze these formulas after reviewing Markowitz and
Tobin frontiers.
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Frontiers (Markowitz)

Recall that the Markowitz frontier is the hyperbola in the right-half of the
op-plane given by

2
o= Jarﬁv + (,u,umv> , (2.3a)

Vmy
where the frontier parameters o, [, and v, are determined by

1

B 1TV-1m
O_I%V My = 1Tv-11"° (23b)
Vn21v = (m - :U'mV]')Tv_l(m - /U’mv]') :

=1'v11,

The hyperbola given by (2.3a) has vertex (o, fty,,) and asymptotes

B= oy £ Vo O forc > 0.
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Frontiers (Tobin)

If risk-free assets are included using the one risk-free rate model with
risk-free rate y1; then the Tobin frontier is the union of the two half-lines
given by

=iy £V 0O foro >0, (2.4a)

where the frontier parameter v is determined by
Z/r2f = (m - :urfl)TV_l(m - iurf]') . (24b)

and satisfies the frontier parameter relation,

2
v = v+ (Mt ) (2.40

Umv

It is also the Sharpe ratio of every portfolio on the efficient Tobin frontier.
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Frontiers (Tangent Portfolios)

When fi¢ # pi,, the Tobin frontier (2.4a) is tangent to the Markowitz
frontier (2.3a) at the point (o, 1) given by

2 2 2
V. O 1% g
o.. =0 1+< rf mv>, e = [L + my “my_
‘8 mv\l My — Hog e e My — Mg

The unique tangency portfolio associated with this point has allocation

0.2

f,=—2 Vl(m—p,l). 2.5
e ( i1) (2.5)

When i # piy,, every portfolio on the efficient Tobin frontier can be
viewed as holding a position in this tangency portfolio and a position in a
risk-free asset.
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Mean-Variance Approximations

We can select a portfolio on the efficient Tobin frontier by maximizing a
mean-variance objective that approximates the cautious objective (1.1).
These objectives are contructed by replacing the F(f) and 6(f) that appear
in (1.1a) and that are defined by (1.1b) with mean-variance estimators

that depend only on:
@ the risk-free rate ju,
@ the return mean vector m,
@ the return covariance matrix V.

Here we study three such approximations. Each of these approximations
will respect an important symmetry of the cautious objective. This
symmetry becomes evident upon rewriting the cautious objective.
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Mean-Variance Approximations

The growth rate of the portfolio with allocation f on day d is
08 (1+ it + (1(d) — 1)) = log(1 + i) +log 1+ #(d)'F) , (3.6)

where relative return vector ¥(d) is defined by

_ 1
1+Mrf

(d) ((d) — poel) - (37)

The i entry of #(d) is the relative return of asset i on day d with respect
to the risk-free rate p ;. The so-called relative growth rate of the portfolio
with allocation f on day d is

log (1 + F(d)F) . (3.8)

It is the growth rate of the portfolio relative to that of the safe investment.
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Mean-Variance Approximations

It then follows from (1.1b) and (3.6) that

~

(F) = log(1 + i) +5(F),  6(F) = 4(F). (3.92)

where 5(f) and 6(f) are the relative growth rate mean and variance that
we see from (3.8) are given by

D
5(f) = 3 wy log(1 +F(d)"f) ,
; (3.9b)
0(F) = 3 wq (log(1+5(d)"F) - ﬁ(f))2 .

Notice that these depend only on the relative return history {¥(d)}5_;.
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Mean-Variance Approximations

It then follows from (1.1a) that the cautious objective can be rewritten as

Fx(f) = log(1 + ) + Fx(f) , (3.10a)

TX(f —xV( (3.10b)

where 5(f) and 6(f) are defined by (3.9b).

The natural domain for 5(f), 0(f) and TX(f) is the same as that for F(f),
6(f) and I'X(f), — namely, the set of solvent Markowitz allocations ..
We see from definition (3.7) of ¥(d) that for every f € M we have

Lo+t + (r(d) = i1 = (14 pigg) (14 5(0)"F)

which implies that

where

Q, ={feM, : 1+¥d)'F>0 vd}.
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Mean-Variance Approximations

We now collect three observations that will shape how our mean-variance
approximations are constructed.

o Because 5(f) and 6(f) defined by (3.9b) depend only on the relative
return history {¥(d)}5_;, we see that I(f) defined by (3.10) depends
only on the relative return history {#(d)}5_, and x.

@ Because by (3.10a) we have
TX(F) = log(L + puur) + TX(F)
we see that maximizers of [X(f) are maximizers of [X(f).

@ Therefore these maximizers can depend only on the relative return
history {¥(d)}2_; and x.
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Mean-Variance Approximations

If a mean-variance approximation of Fx(f) is going to preserve this
symmetry then it should have a maximizer that depends only on:

@ the relative return mean vector m,

@ the relative return covariance matrix {7

@ the nonnegative caution coefficient y,
where m and V are obtained from the relative return history {¥(d)}2_; by

D D
_ ~ S - N _\T
m= Z wy T(d), V= Z wy (F(d) —m) (F(d) —m) .  (3.11)
d=1 d=1
It then follows from the relation (3.7) between ¥(d) and r(d), and from
the definitions (1.2) of m and V that
_ 1 -~ 1

i = m—pl), V=—— V. 3.12
1+lu’rf( f) (1+lu’rf)2 ( )
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Mean-Variance Approximations

Because by definition (3.10b)

TX(f) X\/i

we can construct mean-variance approximations of FX(f) that have a
maximizer that depends only onm, V and x by constucting mean-variance
approximations of 5(f) and A(f) that depend only on m and V.

We see from definitions (1.1), (3.9b) and (3.10b) that
). 6F). T,

with . = 0 and r(d) replaced by ¥(d) are the same as
5(F), 6, ).

Therefore mean-variance approximations of 4(f) and f(f) that depend only
on m and V can be constructed by adapting mean-variance approximations
of 5(f) and (F) by setting 11, = 0 and replacing m and V with m and V.
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Mean-Variance Approximations

We will explicitly solve the maximization problems for the families of
parabolic, quadratic and reasonable objectives:

IX(F)=m"f — LEVFE— x\/fTVF, (3.13a)
~ 2 ~ ~

X(F) =m'f— 1 (@) — JFIVE— x VFTVF, (3.13b)
RX(F) = log (1 + @"f) — JFVE— x VATV, (3.13¢)

These objectives have the natural domains €2, ©, and €, given by
Q,=N=M; =RV, o ={feMm, :1+@'f>0}. (314)

Each of these domains is a convex subset of RV. Each of the objectives
given in (3.13) is a strictly concave function over its natural domain. We
will find the unique maximizer of each objective over its natural domain.
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Mean-Variance Approximations

Before solving the maximization problems, we collect two facts that will be
used in the analysis of them.

First, we see from (2.4b) and (3.12) that the Sharpe ratio satisfies
v3 = (m — )V (m - ) =@V i (3.15)
Second, for every f € RN we have the Cauchy inequality

‘ﬁle‘ < v VFIVE. (3.16)

Indeed, the Cauchy inequality for the V-scalar product (| gy = fi'vg
and relation (3.15) imply that

' = @V Ve = | (Vmlf) |

< ”V_lﬁle Ifll = VitV iV E = v Ve
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Parabolic Objectives

First we consider the maximization problem
f, = arg max{FpX(f) fe RN} , (4.17a)
where pr(f) is the family of parabolic objectives (3.13a) given by
[X(F) =m"f — LFVE— v VIV, (4.17b)
If f # 0 then the gradient of pr(f) is
ViX(F) =m—Vf- XVFf
p P

where 0 = VTV > 0.
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Parabolic Objectives

By setting this gradient equal to zero we see that if the maximizer f, is

nonzero then it satisfies

Ox + X
O

0=m— Vf,,

where o, = \/ff{’f* > 0. Upon solving this equation for f, we obtain

f,= -2 V'm. (4.18)
Ox + X

All that remains is to determine o,.

Because 0, = \/f‘f\?f* we have
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Parabolic Objectives

We conclude that o, satisfies
(00 +x)* =155 -
Because o, > 0 and x > 0 we see that x must satisfy the bounds
0<x <y, (4.19)
and that o, is determined by
Ox + X = Vpt -
Then the maximizer f, given by (4.18) becomes

X 1.

f, = (1 — ) V m. (4.20)

Vit
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Parabolic Objectives

The foregoing analysis did not yield a maximzier when x > v,;. In that
case the positive definiteness of V, the fact x > v,; and the Cauchy
inequality (3.16) imply for every f € Q that

~ o e =
LX(F) =m'f — 2 VF — y \/fTVF
<m'f—y\VTVFf
<m'f — v \FTVF < 0 =1X(0).

Therefore f, = 0 when x > v;.
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Parabolic Objectives

Therefore the solution f, of the maximization problem (4.17) is

. (—X>V‘1rﬁ if X < vy,

*p - I/I‘f
0 if x > v

(4.21)

This solution is always an efficient Tobin frontier portfolio.
When g1 # i, and x < v it allocates

o fix times the portfolio value in the tangent portfolio f,, given by (2.5),
o and (1 — f) times the portfolio value in a risk-free asset,
where

_ 1T Hmvy Hrf
fig = 1 f,p (1_V)(1+:U’rf)0_

rf mv
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Parabolic Objectives

Remark. Kelly investors take x = 0, in which case (4.21) reduces to
f.,=V m. (4.22)

This is often called fortune’s formula in the belief that it is a good
approximation to the Kelly strategy. In this view formula (4.21) gives a
fractional Kelly strategy for every x € (0, v,;). However, we will see that
formula (4.22) gives an allocation that can be far from the Kelly strategy,
and can lead to overbetting.
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Quadratic Objectives

Next we consider the maximization problem
f. = argmax{[X(F) : f € RV}, (5.23a)
where qu(f) is the family of quadratic objectives (3.13b) given by
() =m'f-1 (fﬁTf)z — LIV — VTV, (5.23b)
If f # 0 then the gradient of qu(f) is
VX (F) = i — mm'f — V- %Vf,

where o0 = VTV > 0.
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Quadratic Objectives

By setting this gradient equal to zero we see that if the maximizer f, is
nonzero then it satisfies

0—m_mm'f, - X

where g, = \/f*riv/'f* > 0.

~—1
After multiplying this relation by V'~ and bringing the terms involving f,
to the left-hand side, we obtain

Vf,,

Ox

~_1 _

T XV mEf, =V . (5.24)

Ox
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Quadratic Objectives

Now multiply this by 0. m' and use the Sharpe ratio formula (3.15),

~—1 _

m'V m =2 to obtain

(o +x+ o) m'f, =vio.,
which implies that
2
ﬁle* _ L’} )
Ox + X+ Vi Ox
When this expression is placed into (5.24) we can solve for f, to find

0’* "'—1~

fo=————— m. 5.25
U*+X+Vr2f0* ( )

All that remains is to determine o,.
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Quadratic Objectives

Because 0, = \/f‘f\?f* we have

2 _ Ty o} Tl
of =f,Vf, = 2* mV m
((1+Vrf)a*+x)
0*2 2

we conclude that o, satisfies

2
((1+Vr2f)a*+X) :Vrzf'
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Quadratic Objectives

Because o, > 0 and x > 0 we see that x must satisfy the bounds
0<x <y, (5.26)
and that o, is determined by
(L+vf) 0w+ X =1y -

Therefore the maximizer f, given by (5.25) becomes

1
£, = <1 _ X) SV . (5.27)
V) T+ 15
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Quadratic Objectives

The foregoing analysis did not yield a maximzier when x > v,;. In that
case the positive definiteness of V, the fact x > v,; and the Cauchy
inequality (3.16) imply for every f € Q that

X(F) =m'f — L (@)’ — LIVF - \/IVF
<mf—y\VIVFf
<m'f — v VIIVE < 0=1X0).

Therefore f, = 0 when x > v;.
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Quadratic Objectives

Therefore the solution f, of the maximization problem (5.23) is

~—1 __
X\ V m .
1- = if x < v,
f*q: < Vrf> 1+Vr2f X 8

0 if x > v

(5.28)

This solution is always an efficient Tobin frontier portfolio.
When g # p and x < v it allocates

° fé times the portfolio value in the tangent portfolio f;, given by (2.5),
e and (1 — f5) times the portfolio value in a risk-free asset,
where

=1, = (1—X> el
ve) 14+v5 Oly
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Quadratic Objectives

Remark. Kelly investors take x = 0, in which case (5.28) reduces to

(5.29)

Formula (5.29) differs significantly from formula (4.22) whenever the
Sharpe ratio v, is not small. Sharpe ratios are often near 1 and sometimes
can be as large as 3. So which of these should be called fortune’s formula?
Certainly not formula (4.22)! To see why, set x =0 and f =f,, = Vi
into the quadratic objective (5.23b) to obtain

o (f

which is negative when v > 1. So formula (4.22) might overbet!
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Reasonable Objectives

Next we consider the maximization problem

f. = argmax{[X(F) : f € RV, 14+ a'f >0}, (6.30a)
where TX(f) is the family of reasonable objectives (3.13c) given by

FX(F) = log 1+ m"f) — 1FTVE— x IV, (6.30b)
Because Ex(f) — —oo as f approaches the boundary of the domain being

considered in (6.30a), the maximizer must lie in the interior of the domain.
If f £ 0 then the gradient of [X(f) is

g

. 1 - -
ViLX(F) = mﬁl—w—ivn

where = m'f and 0 = VTV > 0.
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Reasonable Objectives

By setting this gradient equal to zero we see that if the maximizer f, is
nonzero then it satisfies

1 o1
- 7 '@, (6.31)

where p, = m'f, and 0, = \/fE\N/'f* > 0.

Because o, = \/fTV f, we have

f.

2 _ TV L oF SV m
g = * * —
* (14 p4)? (04 + x)?
1 o} 2

Vg .
(T ) (ot
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Reasonable Objectives

From this we conclude that pu, and o, satisfy

2 V2f
o« + =— -
0
Because o, > 0 and x > 0 we see that
v
0<y< —H—| 6.32
SX<ToL (6.32)
and that we can determine o, in terms of p, from
ox+x = Ut
Then the maximizer f, given by (6.31) becomes
1 X\ o1
f, = - =)V , 6.33
(i)' (6.33)
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Reasonable Objectives

Because ji, = m'f,, by the Sharpe ratio formula (3.15) we have

il f, = < L X) 'V m

This can be reduced to the quadratic equation

2
1
( Vet ) + = —x Vit :1’
14 py Vg 1+ ps

which has the unique positive root

April 27, 2022
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Reasonable Objectives

Then condition (6.32) is satisfied if and only if

M

721/er 4Ver'

This inequality holds if and only if

2 2
1/1 1/1
o<1+<—x> —<+x> =1- X
4 Vit 4 Vit Vit

This holds if and only if x satisfies the bounds

0<

0<x <. (6.35)
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Reasonable Objectives

By using (6.34) to eliminate u, from the maximizer f, given by (6.33) we

find
N S D PO Y (N o
t 2 Vet X 4 Vit X Vit '

X 1 ~—1_
fo=(1-X) —— Vv'am, (6.36a)
( VYf) D(X7Vrf)
where
D(x,y) = 31+ xy) + 3/(1 — xy)? + 42 (6.36b)
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Reasonable Objectives

The foregoing analysis did not yield a maximzier when x > v;. In that
case the fact that

log(l+r)<r for every r € (—1,00),

the positive definiteness of V, the fact X > v, and the Cauchy inequality
(3.16) imply for every f € w, that

IX(F) = log (1 +m"f) — L fTVF — y \/fTVF
<m'f—y\/fIVFf

<m'f— v, VITVE <0 =T1X0).

Therefore f, = 0 when x > v;.
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Reasonable Objectives

Therefore the solution f, of the maximization problem (6.30) is
~71 .

(1 X ) v m if x <

- = v

f*r = Vrf D(Xa Vrf) X ot (637)
0 if x> vy,

where D(x, y) was defined by (6.36b).

This solution is always an efficient Tobin frontier portfolio.

When g # py, and x < v it allocates
o fx times the portfolio value in the tangent portfolio f,, given by (2.5),
e and (1 — f5) times the portfolio value in a risk-free asset,

where

£X = 17f :(1_X> L dag Hany = P
g *T :

Vit D (X7 Vrf) UI%V
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Reasonable Objectives

Remark. Kelly investors take x = 0, in which case (6.37) reduces to

1 ~_
£, = vV i'm. (6.38)

+%\/1+4Vr%

This candidate for fortune’s formula will be compared with the others later.

N[ =

Remark. Further evidence that for Kelly investors the parabolic maximizer

(4.22) can overbet is seen by setting x =0 and f =f,, = vV '@ in the
reasonable objective (6.30b) to obtain

O(F,,) = log(1+12) - 142,

which is negative when v > 1.59. So formula (4.22) might overbet!
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Comparisons

The maximizers for the parabolic, quadratic, and reasonable objectives are
given by (4.21), (5.28), and (6.37) respectively. They are

X\ vl .
1—>V m if x < v,
fop, = ( Vg (7.39a)
0 if x > v,
~_1~
x\V m :
1- = fx <vg,
f,= ( urf> 1+ 02 TXS T (7.39b)
0 if X 2 Uit
~—1 _
x) V m :
1- = f
fo= ( urf> D(x, V) XS (7.39¢)
0 if x > vy

where D(x, y) was defined by (6.36b).
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Comparisons

Fact 1. f, is the most conservative and f,, is the most agressive.

Proof. Recall from (6.36b) that

D(x.y) = 2(1+ xy) + 5/(1 — xy)2 +4y2. (7.40)

This is a strictly increasing function of x because for every y > 0 we have

1—
o bl )
- XY Yy

Hence, for every x € [0,y) we have
1< D(0,y) < D(x,y) < D(y,y) =1+ y>. (7.41)

Therefore 1 < D(x, ) < 1+ 1.2 when x < v,;. ]
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Comparisons

We now compare the dependence of f, and f,, upon x and v;.

Fact 2. For every x € [0, v,;) we have

<1, (7.42)

where the left-hand side is a strictly decreasing function of v.

Proof. By setting y = v,; in (7.41) we obtain

1+Vr2f > D(X?”rf) > D(Ovyrf) :%—’_%\/ 1+4Vr2f'

The inequalities (7.42) follow. The task of proving the left-hand side of
(7.42) is a strictly decreasing function of v, is left as an exercise. O
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We now use Fact 2 to show that f,, and f,, are close when v < 2

Fact 3. If v; < then for every x € [0, v,¢) we have

D
12 o DOone) (7.43)

BT 14w

Proof. By the monotonicity asserted in Fact 2 if v % then

Then (7.43) follows from inequality (7.42) of Fact 2.

Fortune's Formulas April 27, 2022
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Remark. We see from (7.39) that when x =0

_ L fo— 1 f

f .
* 2 'xp» *T *
IR N

and f,, is at its greatest.

This is the case when the difference between f,
To get a feel for this difference, when v ; = V/2 these are

1 1
f*ngf f.=5f

*p 9 *p )

while when Vi = \/6 these are
f 1 f f 1 f
*q 14 3

*p ) *T

We see that this difference becomes quite large for Sharpe ratios v > 2.
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Finally, we compare the maximizers found here with those found in the
previous section. First, observe that the maximizers given by (7.39) each
have the form

f,=aV 'm forsomea e [0,1].
By using the Sharpe formula (3.15) we see that
IV, = a’v2, mf, =av?.
Therefore the maximizer f. maps to the point (o, f+) in the ou-plane
given by
oe =) e, e = g+ (L4 ) F (7.44)

The first question to address is whether or not these points lie in the sets
Y, ¥, or X, over which we solved the analogous maximization problems

in the previous section.
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Recall that

{(a,u) ; 020},
{(a,u) ; aZO,,ugl}, (7.45)

{(a,u) ; 020,1—1—,u>0}.

ZP
Zq
zr

We see from (7.44) that

U*:a(1+urf)yrf20’
1+:U'*:(1+Mrf)(1+a7/r%)>oa

whereby it is evident from (7.45) that (o, ju.) € T, C 2.

C. David Levermore (UMD) Fortune’s Formulas April 27, 2022



Comparisons
0000000800

Comparisons

We also see from (7.44) that p, <1 if and only if

For all of our maximizers the « is largest when xy = 0. In that case the
above bound becomes

1—p
2 f
Vg > 1+,urf or *p )
2
Vit 1 Mg
for f
1 +Vr2f -1 +lurf *q (746)
i L for f
AT
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After some algebra it can be shown that the bounds (7.46) are

1—
Vr2f < STt for f.,,
1+ Fopg
1—p
2 f
v < 2urfr for f*q, (7.47)

e (1 + lu’rf)2

Because ¢ is usually a small positive number, we see that
e for f,, the upper bound on v, is just under 1,

o for f,, the upper bound on v, is huge,

o for f,. the upper bound on v is just under V2.
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Because 11, <1 for every x > 0 if and only if the Sharpe ratio v, satisfiies
the bound (7.47), it is evident from (7.45) that (0., ;1.) € X if and only
if the Sharpe ratio v, satisfiies the bound (7.47).

2
Remark. If x > 1’:5555 for f,, then (o, i) € T for any v, > 0.
Remark. Because a € [0, 1], it can be shown from (7.44) that

14+ py > 04,
which implies that (o, p1+) € X, where

Zt:{(a,,u) : 020,1+,u>0}.

This is the domain over which we maximized GX(o, 11).
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Eight Lessons Learned

Here are eight lessons learned from this study of mean-variance objectives.

1. The return history {r(d)}2_, and risk-free rate . play roles in
determining the optimal allocation entirely through m and V.

2. The Sharpe ratio v,; and the caution coefficient x play a huge role in
determining the optimal allocation. In particular, when x > v the
optimal allocation is entirely in the safe investment.

3. Portfolios with higher Sharpe ratios allow for greater uncertainty.

4. For any choice of x the maximizer for the quadratic objective is more
conservative than the maximizer for the reasonable objective, which is
more conservative than the maximizer for the parabolic objective.
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5. The maximizer for a parabolic objective is agressive and will likely
overbet when the Sharpe ratio v is not small.

6. The maximizers for quadratic and reasonable objectives are close
when the Sharpe ratio v is not large. As x approaches v, the
maximizers for the quadratic and reasonable objectives get closer.

7. We will have greater confidence in the computed Sharpe ratio v
when the tangency portfolio lies towards the “nose” of the Markowitz
frontier. This translates into having greater confidence in the
maximizers for the quadratic and reasonable objectives.

8. Analyzing the maximizers for both the quadratic and reasonable
objectives gave greater insights than analyzing them separately.
Together they are fortune's formulas!
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