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Mean-Variance Objectives (Introduction)

Here we address the maximization problem for a mean-variance objective r
defined over a convex set N1 of Markowitz allocations. These objectives
have the general form

=G0, (L1a)
where
@ G is the volatility estimator defined over I1,
@ [i is the return mean estimator defined over [1,

and G(o, i) is defined over a set ¥ ¢ of the opu-plane that satisfies
Y6 > X(N) = {(4,4) : all allocations in 11} . (1.1b)

Additional requirements will be imposed upon both G(o, 1) and ¥ in
order to solve the the maximization problem.
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Mean-Variance Objectives (Examples in M)

Recall that:
@ & is convex function of the allocations;
@ /i is an affine function of the allocations.

We illustrate this with examples.

When 1 C M, we have

Examples of such I include:

@ M or My, in which case the ¥(I1) are unbounded, convex sets;

o A Ay, n¢ or I'Iﬂ, in which case the £(I1) are compact, nonconvex
sets.
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Mean-Variance Objectives (Examples in M)

Similarly, when T C My we have

5(F) = VITVF,
ﬁ(f, fsi, fd) = m'f + :usifSi n Mclfd ’ (1.3a)
= (60,300 - (A en). o

Examples of such I include:
@ My, in which case the ¥(I1) is an unbounded, convex set;
o %, in which case the ¥(IM) is a compact, nonconvex set.

The fact that /i is an affine function of the allocations should be clear.
A proof that & is a convex function of the allocations is given below.
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Mean-Variance Objectives (Convexity of &)

Fact 1. 4(f) is a convex function over RV,

Proof. Let fy, f; € RN with fy # f;. The Cauchy inequality says that

IfSVFL| < \/fSVfor/fIVF .

Define f; = (1 — t) fo + t fy for every t € [0,1]. Then by Cauchy

6(f) = fiVf,

(1—t)23V o +2(1 — t)tfiV i + 21V

\/(1— )2V o +2(1 — t)t\/fEV fo/ IV L + 21V
(1—t) iV +t IV = (1—1t)5(f) + t5(f1).

This inequality proves Fact 1.
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Mean-Variance Objectives (Concavity of I')

Our first result about mean-variance objectives concerns their concavity.
Its proof uses the facts that & is convex over I1 and /i is affine over I1.

Fact 2. Let G(o, i) be a function over a convex set ¥ in the opu-plane
such that

e G(o, ) is a decreasing function of o over ¥g, (1.4a)
e G(o, 1) is concave over ¥g. (1.4b)

Let M be a convex set of allocations such that ¥(I1) satisfies
(M) c T¢. (1.5)

Then T = G(6, /i) given by (1.1a) is a concave function over 1.

Remark. The convexity of X and (1.5) imply that X D Hull(X(MT)).
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Mean-Variance Objectives (Fact 2 Proof)

Proof. Let (69, fio) and (61, fi1) be the values of the estimators 6 and /i
for two distinct allocations in 1.

For every t € [0,1] let (8¢, fi+) be the values & and fi for the convex
combination of these allocations. Because 1 is convex and satisfies (1.5),

we know that (64, /i) € X. Because & is convex over [1 by Fact 1, while
[1 is affine over I, we have

Ge<(l—t)bo+to1, fe=(1—t)fo+tp.
Then the o monotonicity (1.4a) followed by the concavity (1.4b) yield

G(6¢, fue) > G((l —t)6o+td1, (1—1t)fo+ tﬂl)
2 (1 — t) G(&O,ﬂo) +t G(a-lnal) )

Therefore T = G(&, /i) is concave over 1. This proves Fact 2. ]
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Efficient Frontier (Introduction)

A central part of our main result about the maximization problem for r
over [T is that its maximizer must be an efficient portfolio within I1. This
means that if the the efficient frontier for I1 lies on the curve o = g;(p) in
the ou-plane then we can introduce

(1) = G(op(p) 1) (2.6)

and reduce the problem of maximizing T over M to that of maximizing
[¢(1t) over some interval. This is a huge simplification!

o If o;(1) is known analytically and it and G(o, 1) are sufficiently simple
then an analytic solution of the problem can be found.

@ If op(p) is known numerically then this reduction greatly simplifies the
numerical solution of the problem.

Before giving this result, we lay some groundwork about the efficient
frontier.
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Efficient Frontier (The Interval fi(IT))

The frontier of 1 is define over the set [i(I1) C R given by
a(n) = {ﬂ . all allocations in I_I}. (2.7)

Because 1 is convex, it is connected. Because the continuous image of a
connected set is a connected set, the facts that 1 is connected and that [
is continuous over [1 imply that /i([1) is connected. But the connected
subsets of R are the intervals, so that /(1) is always an interval.

o If Mis M, M4 or My then (M) =R.
o If [T =A then la(n) = [:u’mn?/‘mx]'
o If M =" for some £ > 0 then (M) = [ul,,, 114.], where

ann = HUmn — ¢ (lumx - :umn) ) Nﬁlx = Hmx + ¢ (:umx - iumn) .

If Mis Ay, N4 or N5 for some £ > 0 then /(M) is a bounded interval
that includes the risk-free rates and that can depend upon those rates.
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Efficient Frontier (The Function (1))

Recall that the frontier of (1) in the opu-plane is given by o = g;(p),
where o;(11) is defined for every p € [i(1) by

o(p) = min{c“f . all allocations in I with g = u}. (2.8)

The efficient frontier is simply the restriction of o;(u) to efficient profolios.
We have analytic expressions for it when [I1is M, M or M>.

@ When 1 = M then the efficient Markowitz frontier is

— 2
0= Umf(u) = \/Un%v + (IuI/IIQImV) for e [me OO) : (29)

@ When 1 = M then the efficient Tobin frontier is

::u_ﬂ’rf

Vit

o = oy(1) for p € [pyg, 00) - (2.10)
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Efficient Frontier (Case M)

@ When N = Mj and p,, < g < p1 then the efficient frontier is
sl =" frpe ). (2110)

@ When N = Mj and py < pi,y < pt then the efficient frontier is

o= o) = {Umf(u) for p € [pg,00), (2.11b)

u;::si fOI’ 2 € [:u’siv Mst) .

@ When N = Mj and pug < iy < pyy,, then the efficient frontier is

Mz_/}fCl for K € [:u'c‘w OO) )
0 =0p(1) = (1) For 1 € [page, prer) (2.11c)
“;:Si for IS [:U’sia :U’st) .
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Efficient Frontier (General Case)

In general the function o;(1) has been approximated numerically at select
points in [i(I1) and is interpolated at other points in ().

o If risk-free assets are excluded then I C M and the efficient frontier
restricts o;(12) to the interval (M) N [1l,,, 00), where il is the
minimizer of o;(u).

o If risk-free assets are included with the one-rate model then N1 C M
and the efficient frontier restricts o; (1) to the interval () N [p,¢, 00).

o If M= A4 and . < iy, then the interval is [1,¢, tpy]-
o If M=N% and iy, < pop < fimy then the interval is [p, pé.].

o If risk-free assets are included with the two-rate model then 1 C M,
and the efficient frontier restricts o;(u) to the interval (1) N [, 00).

o If M=15and iy, < f1 and pig < finy then the interval is [ug;, pb,.]-

Below we prove that o;(y) is always convex over fi([1). More cannot be

expected because the Tobin frontier is not strictly convex.
April 24, 2022
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Efficient Frontier (Convexity of o;(u))

Fact 3. The function o;(u) is convex over fi(IT).
Remark. We give the proof for [1 C M. The rest is left as an exercise.

Proof. Let up and uy € ;)(I'I) with po < p1. Let fy € I with ,[l(fo) = lo
and f; € N with fi(f1) = p1 be arbitrary. Fix t € [0,1] and set

Mt:(l—t)ﬂo+tﬂl, ft:(l—t)f0+tf1

Because [ is convex and ji(f) is affine, we know f; € 1 and ji(f:) = pe.
Then definition (2.8) of o;(1) and the convexity of &(f) show

op(pe) < 6(f) < (1—t)6(fo) + to(f1).
Minimizing the right-hand side over the arbitrary fo and f;, we obtain

or(pe) < (1 —t)op(po) + t op(pa) -
But t € [0, 1] was arbitrary. Therefore Fact 3 is proved. O]
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Efficient Frontier (Maximizers are Frontier

Our first result abour maximizers says that they are frontier portfolios.

Fact 4. Let G(o, 1) be a function over a convex set X in the opu-plane
such that

e G(o, ) is a decreasing function of o over X . (2.12)
Let I be a convex set of allocations such that ¥(I1) satisfies
(M) c X¢. (2.13)
Any maximizer of T = G(&, /i) over I must be a frontier portfolio of I.

Proof. Any allocation that is not a frontier portfolio of Il must satisfy
o;(f1) < 6. The monotonicity condition (2.12) then implies that

G(O-f(:a)v ﬁ) > G(6’ ,LAL) )

whereby T is larger for the frontier portfolio associated with (op(fi), i), [J
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Efficient Frontier (Efficiency Monotonicity)

In our next result we replace the o monotonicity condition (2.12) with a
stronger condition. Given any two points (o9, i) and (o1, i1) in the
ou-plane, we say that (o1, p1) is more efficient than (oo, po), denoted

(01, p1) > (00, 110), when
o1 < og, g1 > po, (o1, 1) # (00, po) - (2.14)

Of course, this notion coincides with that of Markowitz efficiency when the
points represent the volatilities and return means of portfolios.

Definiton 1. We say that G(o, i) increases with efficiency over a subset
Y of the op-plane when for every (o9, 10), (01, 111) € £ we have

(Ulaﬂl) ~ (Uo,uo) - G(al,,ul) > G(UO;MO) . (2.15)

Remark. Because (o1, 1) = (00, 1) if and only if o1 < 09, we see that if
(2.15) holds over X them G(o, i) is a decreasing function of o over X.
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Efficient Frontier (Maximizers are Efficient)

We now replace the o monotonicity condition (2.12) in Fact 4 with an
efficiency monotonicity condition as defined by (2.15). This will allow us
to conclude that maximizers are efficient.

Fact 5. Let G(o, i) be a function over a convex set X in the ou-plane
such that

e G(o, ) increases with efficiency over ¥ . (2.16)

Let M be a convex set of allocations such that ¥(I1) satisfies
(M) c T¢. (2.17)

Any maximizer of T = G(&, /i) over I must be an efficient frontier
portfolio of 1.
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Maximization Problem (Fact 5 Proof)

Proof of Fact 5. Let I, be the maximum of T = G(&, /i) over [1.
Then Fact 4 says that any maximizer over 1 is a frontier portfolio.
Let (60, f10) € () be the values of & and [i at such a maximizer.

If the maximizer is not efficient in 1 then there exists another allocation in
M at which & and /i have values (61, i1) € (1) such that

(61, 1) = (60, fo) -

Because X(IM) C X by (2.17), we see from the efficiency monotonicity
(2.16) that R
G(a-lvﬂl) > G(a'o,ﬂo) — rmx .

This contradicts the fact that me is the maximum of T over 1. Therefore

the maximizer must be efficient. This proves Fact 5. O
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Level Sets and Convexity (Concavity of G)

The uniqueness of the maximizer will require two additional hypotheses.

The first hypothesis is that G(o, i) is concave over the convex set ¥ .

This means that for every (oo, po), (01, 11) € X and every t € [0, 1] we
have

G((l—t)oo—i-tal, (1- t),uo+t,u1>

> (1—t) G(oo, o) + t G(o1, f11) -
This insures that for every [ € R

the set {(o—, w) € X Glo,pu) > r} is convex . (3.18)

This set in nonempty if and only if [ is in the range of G over X .

C. David Levermore (UMD) Optimization of Mean-Variance Objectives April 24, 2022
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Level Sets and Convexity (Level Sets)

The boundary of the set (3.18) is the level set
{(o.1) €% : Glou) =T} (3.19)

If G(o, 1) is twice continuously differentiable over ¥ and its gradient
never vanishes over > ¢ then the Implicit Function Theorem says that
every level set is the union twice continuously differentiable curves in X¢.

Definition 2. We say that these level set curves are curved if they have
nonzero curvature at every point.

The second hypothesis is that the level set curves are curved. Below we
derive conditions that imply this hypothesis. We will assume G(o, p) is
twice continuously differentiable and denote its partial derivatives with
subscripts.

C. David Levermore (UMD) Optimization of Mean-Variance Objectives April 24, 2022
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Level Sets and Convexity (Curved Level Sets)

If G.(o, 1) > 0 over g then the level curve associated with ' can be
parameterized by 0. Let u = u' (o) be the unique solution of

Glo,p) =T. (3.20)
By taking the derivative of (3.20) with respect to o we find
op
GO-(O',,U) + GH(U7 ,U,) 870' =0.
Because G, (o, 1) > 0, this can be solved to obtain
o Gy(o,p)
— =" 3.21
do Gu(o, 1) (3.212)
By taking the second derivative of (3.20) with respect to o we find
01 1 G, G, G
— =—= (G, —Gs, S I 3.21b
80'2 Gp?’ ( ’ ) (GMU Guu) <_ GO') ( )

C. David Levermore (UMD) Optimization of Mean-Variance Objectives
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Level Sets and Convexity (Curved Level Sets)

Alternatively, if G,(o, 1) < 0 over X then the level curve associated with
[ can be parameterized by p. Let 0 = o' (1) be the unique solution of
(3.20). By taking the derivative of (3.20) with respect to x we find

0o
Gy (0o, 1) o + Gu(o, 1) =0.

Because G, (o, 1) < 0, this can be solved to obtain

G
870 = M . (3.22a)
o Gy(o,p)
By taking the second derivative of with respect to y we find

620' 1 Gcro Ga,u Gu
o= (Gu _GJ) (G;m GW> (—Ga . (3.22b)

C. David Levermore (UMD)
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Level Sets and Convexity (Curved Level Sets)

The hypothesis that these level set curves are curved is satisfied when
either

82MF 525"
80’2 >0 or 8711,2 <0. (3233)
It is clear from (3.21b) and (3.22b) that this
Goo  Gop G,
(6. -6 (GW GW> (_G) <0 over¥¢. (3.23b)

The hypothesis that G(o, ) is concave over ¥ and the hypothesis that
these level set curves are curved are both satisfied when

(GM Gop

is negative definite over X¢. (3.24)
Gus Gup
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Level Sets and Convexity (Uniqueness)

Our main result says the maximizer is also unique.

Fact 6. Let G(o, 1) be a function over a convex set ¥ in the opu-plane
such that

e G(o, ) is a decreasing function of o over X, (3.25a)
e G(o, ) is concave over g, (3.25b)
e G(o, ) has curved level sets in X¢ . (3.25¢)

Let I be a convex set of allocations such that ¥(I1) satisfies
(M) cxe. (3.26)

Any maximizer of T = G(&, /i) over I must be an efficient frontier
portfolio of I and is unique.
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Maximization Problem (Fact 6 Proof)

Proof of Fact 6. Suppose that the maximum of T over M is me and that
there are two maximizers. At these maximizers let & and [i have values

(6-05 /:\LO) ) (6-13 ,al) . (327)

By Fact 4 these maximizers must be frontier portfolios. Because there is a
unique frontier portfolio for each p € [i(I), we see that fig # fi1.
Therefore the points in X (1) given by (3.27) are distinct.

For every t € (0,1) let (8¢, fi+) be the values & and ji for the convex
combination of these allocations. Because [1 is convex and satisfies (3.26),
we know that (6¢, /i) € X . Because & is convex over [1 by Fact 1, while
i1 is affine over I, we have

6t <(1—t)bo+to1, fir = (1 —t) fio+ t i (3.28)

C. David Levermore (UMD) Optimization of Mean-Variance Objectives April 24, 2022
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Maximization Problem (Fact 6 Proof)

The o monotonicity (3.25a) and (3.28) followed by the combination of
o the fact the points in (M) given by (3.27) are distinct,
e the fact X(M) C X¢ by (3.26),
@ the concavity (3.25b) of G(o, 1) over Xg,

then yield

o~

Mo = G606, 1e) > G((1— t) 6o+ t81, (1— ) flo+ t )
> (1 - t) G(éo,ﬂo) +t G(a-la/,ll) = me .

But this says the line segment connecting the points in £ given by (3.27)
is a level set, which contradicts (3.25c). Therefore there cannot be two
maximizers. This proves Fact 6. L]
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Applications (Introduction)

In order to apply either Fact 4, Fact 5 or Fact 6 to a mean-variance

objective I in the form R
F=6(6.4) . (4.29)

we must

© identify a convex subset ¥ over which G(o, 1) satisfies the

hypotheses in each fact,

@ identify convex sets of allocations 1 that satisfy (1) C X.
Here we will try to do this for the mean-variance estimators derived earlier.
We will see that this program can be completed for most of those
estimators, but not all. The ones where it fails to complete breakdowwn at
the first step. Later we will learn from these cases how the troublesome
hypotheses can be weakened without weakening the conclusions.
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Applications (Hypotheses)

The hypotheses on the convex set ¥ that appear in either Fact 4, Fact
5 or Fact 6 are

e G(o, ) is a decreasing function of o over X, (4.30a)
e G(o, ) increases with efficiency over X, (4.30b)
e G(o, ) is concave over ¥, (4.30c)
e G(o, 1) has curved level sets in X . (4.30d)

The G(o, ) for the mean-variance objectives derived earlier are all smooth
over their natural domains, so the above hypotheses can be verified by
taking partial derivatves.
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Applications (Partial Derivative Tests)

For example:
@ hypothesis (4.30a) holds over sets where G, < 0;
e hypothesis (4.30b) holds over sets where G, < 0 and G, > 0;
e hypothesis (4.30c) holds over sets where

the Hessian (G‘m Gou

is nonpositive definite; (4.31a)
Guo Guu)

hypothesis (4.30d) holds over sets where the Hessian satisfies

Goo  Gop G .
(6. -6 ( i GW> (_ G(,> <0; (4.31b)

hypotheses (4.30c) and (4.30d) both hold over sets where the Hessian
is negative definite.

C. David Levermore (UMD) Optimization of Mean-Variance Objectives April 24, 2022
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Applications (Some Examples)

I T is pr, X, Tx, FSX, th, or Fux for some y > 0 then

q''r

GX(op) = p—30° —x0, (4.32a)

GX(oyp) = p— 34> — 30° — x 0, (4.32b)

GX(o, 1) = log(1+ ) — 30° — x 0, (4.32¢)
; o°

G (o ) = log(1+p) =3 T LT Xe (4.32d)
p 0’

G (o, i) = log(1+p) — 5 Q+0? X0, (4.32¢)
1 ? g

G1>1<(0—7 ,U) = |Og(1 + M) ) (1 I M)Z - X 1 + 1 . (432f)

C. David Levermore (UMD) Optimization of Mean-Variance Objectives April 24, 2022
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These are the parabolic, quadratic, reasonable, sensible, Taylor, and
ultimate estimators respectively. Their respective natural domains are

¥, ={(o,u) €R?

L= {(oop) e R?
%, = {(op) € B2
¥ ={(o,p) e R?
T = {(on) € R?

.= {(o.p) € B2

.0 >0},
.0 >0},
:0>0,1+p>0},
:0>0,1+p>0},
:0>0,1+p>0},
c0>0,1+p>0}.

These natural domains are convex subsets of R? that satisfy

Y, =L, 0%, =% =% =13,.

Our first goal is to identify subsets of these domains that can play the role

of X in the hypotheses (4.30).

C. David Levermore (UMD)
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Applications (Parabolic)

For the parabolic estimator we see from (4.32a) that

Glo,u) =p—3%0°—xo0,

and from (4.33a) that
Zp:{(a,u)ERz : 020}.
Taking partial derivatives we find that

G, =—-0—x, G, =1,

Goo Gou) (-1 0 (4.34)
Guw Gu) \0 0)°
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Applications (Parabolic)

We see from (4.34) that for every x >0
@ G(o, u) increases with efficiency over ¥ ;

@ G(o, i) is convex over ¥, but it is not strictly convex over any
subset of X ;

@ G(o, p) has curved level sets in ¥ because
G, G, G,
G _Go- oo (eg¥7 1Y
@ -a) (& &) (%)
-1 0 1
_ (1 a+x) ( . o) <a+x> — _1<0.

Therefore we can apply either Fact 4, Fact 5 or Fact 6 with X¢ =X,
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Applications (Quadratic)

For the quadratic estimator we see from (4.32b) that

Glo,p)=p—5p°—50°—xo0,

and from (4.33b) that
Zq:{(a,;t)G]R2 c 0 >0}.
Taking partial derivatives we find that

G, =—0— ¥, Gy=1-p,

Goo Gop) (-1 0 (4.35)
Guw Gu) \O —1/°
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Applications (Quadratic)

We see from (4.35) that for every x > 0
® G(o, i) is a decreasing function of o over T,
@ G(o, i) increases with efficiency over the subset of & where u <1,
o G(o, u) is strictly convex over .

Therefore we can apply either Fact 4 or Fact 6 with X =X
apply Fact 5 with

q and can

Yo ={(o.n) €T, p< 1)

This suggests that when 1 C M., it should satisfy I1 C Q,, where

Q= {feMy : p(f) <1},
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Applications (Reasonable)

For the reasonable estimator we see from (4.32c) that
G(o, 1) = log(1 +p) — 30° — x 0,
and from (4.33c) that
Y, ={(o,) €R?: 020,14 >0}

Taking partial derivatives we find that

GU:_U_X7 G,u:ﬁ>
(GM GC,#> (—1 0 ) (4.36)
Guo  Gup 0 e
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Applications (Reasonable)

We see from (4.36) that for every x > 0
@ G(o, p) increases with efficiency over X,
e G(o, ) is strictly convex over ¥..

Therefore we can apply either Fact 4, Fact 5 or Fact 6 with g =X.
This suggests that when 1 C M. it should satisfy 1 C €, where

Q = {fe M, : 1+ p(f) >0},
and when 1 C M, it should satisfy 1 C Q,, where

Q= {(F, ) € My : 14 fu(F, £, 7) > 0}
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Applications (Sensible)

For the sensible estimator we see from (4.32d) that
2

g
1+ p

G(o, 1) = log(1+p) — 3 ~ X0,
and from (4.33d) that

T,={(o,) €R? 1 0> 0,1+pu>0}.
Taking partial derivatives we find that

_ _ o _ _ _1 1_o?
Gy = Ttp — X G“_1+u+2(1+#)2’

1 led
<Gg'o' Ga-u) . <_1+“ (1+p)? > (437)
G G - o o 1 - 0.2 .
no alad (1+np)? (1+1)? (1+p)3
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Applications (Sensible)

We see from (4.37) that

G, G 1
14 Il [ p—
(Gucr Guu) (14 u)?
and that for every y >0
@ G(o, p) increases with efficiency over X,

@ G(o,p) is strictly convex over X.
Therefore we can apply either Fact 4, Fact 5 or Fact 6 with X5 = X_.

This suggests that when 1 C M. it should satisfy 1 C €, where
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Applications (Taylor)

For the Taylor estimator we see from (4.32¢) that
) 2
—log(l+p)—L 2 —
G(Ua :U’) Og( + :u) 2 (1 + ,U,)2 X0,

and from (4.33e) that
Zt:{(a,u)ER2 L0 >0, 1+u>o}.

Taking partial derivatives we find that

2

_ e _ 1 o
o= ~ir X o= mg T
Goo Gou\ _ (~mir (S (4.38)
G.o G - 20 ; 1 _ 302 . :
® Hi (1+p) (1+p) (1+p)
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Applications (Taylor)

We see from (4.38) that

2
det( Cor Con) = Ly 7" )
Guo Guu (1+p) (1+p)

and that for every xy >0

@ G(o, u) increases with efficiency over ¥,
@ G(o,p) is strictly convex over the subset of ¥, where 1 + > o.

Therefore we can apply either Fact 4 or Fact 5 with X = X, and can
apply Fact 6 with

Se={(lom) €T, i 1+p>0}.
This suggests that when 1 C M it should satisfy 1 C €, where

Q = {fe My - 1+4(f) > 6(F)}.
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Applications (Taylor)

When 1+ 1 = o the partial derivatives (4.38) become

1 2
Goz_i_ ) 6277
1+u X P14

Gos Goy) 1 1 -2
Guo Guu)  (T+p2 \-2 4 )7

B Goo Gop) ( Gu\_  4X°
(6. —6) <GM GW> (—G(,)_ A2

So the curved level set hypothesis holds for x > 0, but not for y = 0.

whereby
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Applications (Ultimate)

For the ultimate estimator we see from (4.32f) that
2

l U
2 (1+p)?

1+p’

G(o, 1) = log(1 + ) — - X
and from (4.33f) that
Y,={(o) ER?: 5 >0,1+pu>0}.

Taking partial derivatives we find that

— o _ 1 a? o
Gg — _(1+N)2 - liﬂ ) GM = Itu + 4(1_,'_“)3 + (71:(_“)2 ;
1
Goo Gau _ _(1—4—#) (1+#)3 + (1+#) (439)
G, G - + _ _ _3¢% _ _2xo :
He e (1+u)3 (1+u) (1+u)2 @+t (@+p)?
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Applications (Ultimate)

We see from (4.39) that

G G 1 o 2
ol ) (2L,
) <G;w GH#) (1+p)* ( IL+p X >

and that for every x € [0,1)
e G(o, ) increases with efficiency over X,
@ G(o, ) is strictly convex over the subset of X, where 1+ 11> 7.

Therefore we can apply either Fact 4 or Fact 5 with X =X, and can
apply Fact 6 with

Yo={(om) €T, (1-x)(1+p) >0}
This suggests that when 1 C M it should satisfy I C ¥, where

Qf = {fe My 1 (1-x) (1+A(F) > 8(F)} -
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Applications (Ultimate)

When (1 — x)(1 + p) = o the partial derivatives (4.39) become

2 —
Gg:_i Gﬂ:ﬁ’

whereby

So the curved level set hypothesis does not hold for any x € [0, 1).
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