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Solvent Portfolios

Introduction. Recall the return r»(d) of a portfolio for day d is
r(d) = w(d) — w(d — 1)7
w(d—1)
where 7 (d) is the value of the portfolio at the close of day d. Notice that

r(d) > 0when n(d) < w(d—1) < 0, which shows that return is a terrible
notion of reward when =(d — 1) < 0! Therefore we require that

w(d) >0  foreveryd =0, ---,D. ()

In other words, we require that portfolios stay solvent over a given return
history {r(d)}fle. We will characterize solvent portfolios. We will then
characterize the allocations of solvent Markowitz portfolios. Finally, we will
introduce subsets of solvent Markowitz portfolios that can play a role in risk
management.



Price Ratios of Assets. Given a share price history {Sz’(d)}dD:o for N
risky assets indexed by « = 1, ---, N, we define the price ratio history

{pi(d) }Cl{,):o by

_si(d)
pi(d) = si(d— 1)

Because each share price is positive, every price ratio is positive. Because
returns r,;(d) were defined by

_si(d) —s;(d—1)  s;(d)
T’L(d> — — - 4,
si(d—1) si(d—1)
we see that price ratios are related to returns by

foreveryi=1,---, Nandd=1,---,D.

p;(d) =1+ r;(d) foreveryi=1,---, Nandd=1,---,D. (2

Because share prices typically do not change much on any trading day,
most price ratios will be close to 1.



Characterizations of Solvent Portfolios. We can characterize solvent
portfolios in terms of their value ratios. If a portfolio has value history
{r(d)}F_, then its value ratio on trading day d is

m(d)
d) =

p(d) (d— 1)
The value ratio is undefined whenever there is a division by zero.

foreveryd=1,---,D. (3)

Remark. The value of a portfolio that holds short positions can become
negative, and is more likely to get close to zero than a portfolio that holds
only long positions. The value of such portfolios can change significantly
from day to day. Therefore their value ratios may not be close to 1. This is
very different than the price ratio of most individual assets.



Fact. A portfolio will be solvent over a given return history if and only if

7w(0) >0 and p(d) >0 foreveryd=1,---,D. (4)

Proof. If a portfolio is solvent then by definition (1) we know that 7(0) > 0
andthat 7(d) > 0andn(d—1) > Oforeveryd =1,---,D. It follows by
that p(d) > Oforeveryd = 1,---, D. Therefore holds.

Conversely, suppose that (4) holds. It follows from (2) by induction that

d
m(d) =w(0) [] p(d) foreveryd=1,---,D.
d'=1
Then implies that w(d) > O for every d = 0,---,D. Therefore the
portfolio is solvent by definition (1)). []



Remark. Because portfolio returns r(d) were defined by
m(d) —m(d—1) w(d)
T(d) — — Tt
w(d—1) w(d—1)
we see that portfolio value ratios are related to portfolio returns by

po(d) =14+ r(d) foreveryd=1,---,D.
Therefore characterization (4)) of solvent portfolios can be recast as
w(0) >0 and 14+r(d) >0 foreveryd=1,---,D. (5

We will only consider portfolios with 7(0) > 0. Therefore a portfolio will be
solvent if and only if the second solvency condition in (9) is satisfied.



Solvent Markowitz Portfolios. We now specialize the notion of solvent
portfolios to Markowitz portfolios. This set of portfolios will contain most
portfolio models that we will develop. We begin by characterizing the set
of allocations for solvent Markowitz portfolios.

The returns for the Markowitz portfolio with allocation f are r(d) = f'r(d),
where {1[‘(d)}cf-i7:1 is the return history for the individual assets. Then the
characterization given by the second solvency condition in (5) becomes

14+f'r(d) >0 foreveryd=1,---,D. (6)

These D inequality constraints along with the equality constraint 1T f = 1
must be satisfied by the allocation f of a Markowitz portfolio for that portfolio
to be solvent. Therefore the set of all such allocations €2 is given by

Q={feRY : 1Tf=1, 14f"r(d) >0 Vd}. (7)



The set of allocations for solvent Markowitz portfolios is best expressed in
terms of the N-vector of price ratios on day d, which is

p1(d)
p(d) = ; :
pn(d)

p(d) =1+r(d).

Because Markowitz portfolios are specified by allocations f that satisfy
1Tf = 1, we see that

|t follows from (2) that

p(@Tf=(1+41(@) f=1"f+r(d) f=14r(d)'f.

Therefore set of allocations for solvent Markowitz portfolios €2 that was
defined by (7) can be expressed as

Q:{feRN:1Tf=1,o<p(d)vaaz}. (8)



Remark. The above expression gives a geometric way to think about the
set 2. We see from (8) that the set €2 is the intersection of the hyperplane
1Tf = 1 with the half spaces

p(d'f>0, ford=1,---,D.

Because the entries of p(d) are usually close to 1, the collection of vectors
{p(d)}dD:1 can be thought of as a cloud of vectors clustered around the
vector 1. The boundary of the half space p(d)'f > 0 is the hyperplane
p(d)Tf = 0, which is the hyperplane that is orthogonal to the vector p(d).

Remark. The solvent Markowitz portfolio with allocation f has value ratio
on trading day d given by

p(d=14+rd)=141r(d)'f=pd)"f.



Now we will show that every long Markowitz portfolio is solvent. In other
words, we will show that A C €2. This shows that many solvent portfolios
exist. The proof uses the fact that p(d) > 0, which states that every entry
of p(d) is positive.

Fact. We have A C Q2.

Proof. Let f € A. Because 1'f = 1 and f > 0, at least one entry of f
must be positive. Because p(d) > 0, f > 0, and at least one entry of f is
positive, we have

p(d)'f>0 foreveryd=1,---,D.
We conclude from (8) that f € 2. Therefore A C 2. H



Bounded Below Value-Ratio Portfolios. Investors want their portfolios to
be profitable, not merely solvent. Most are realistic enongh to know that
some days portfolios will decrease in valve. However, they would like to
design their portfolios to limit their losses on such days. One way to do
this is to consider only those Markowitz portfolios with value ratios that
are bounded below by some p € (0,00). The set of allocations for such
portfolios is

Qp={feRY : 1Tf =1, p< p(d)"f vd}. (9)
It is clear that these portfolios are solvent. Specifically, we have
Q, C Q2 for every p € (0, 0).
It is also clear that if p, p’ € (0, o) then
p<p — Qp C82,.
We will show that the set A N €2, is empty if p is too large.



Specifically, we will show the following.

Fact. The set AN €2, isempty if p > p_ . where

Py = max{mdin{p(d)_rf}  fe /\} :

Proof. Suppose that A N €2, is not empty. Let f € AN €2,. Then
p< p(d)'f foreveryd=1,---,D.
Hence,
- T
p < ma;n{p(d) f} :

Therefore p < p ., which contradicts p > p__. .

(10)



Bounded Value-Ratio Portfolios. There are good reasons for investors
to consider only portfolios with value ratios that are bounded above as
well as below. One such reason is to keep the portfolio within regimes
where the data and models being used are better understood. The set of
allocation vectors for Markowitz portfolios with value ratios bounded within

lp, ] C (0, 00) is
Qi = {FERY 1 1TE=1,p<p(d) £ <p vd}. (1)

It is clear that these portfolios are solvent and have value ratios that are
bounded below. Specifically, we have

2,5 C€2p C Q2 for every [p, p] C (0,00).
It is also clear th_at if [p, p] and [p’, p'] are subsets of (0, co) then
[p,p] C [P, 7] = Q1,5 C LA
Finally, the set AN Q[Bﬂ isemptyifp >p__ .



We now show that every long Markowitz portfolio has bounded value ratios.
Specifically, we will show the following.

Fact. We have A\ C Q[pmnapmx] where

pmn =min{pi(d) :i=1,--- ,N;d=1,---,D}, 2
pmxzmax{pi(d) i=1,..-- N;d=1,--. ,D}.

Moreover, Q[Pmnapmx] is the smallest set of bounded value-ratio portfolios
that contains A.

Remark. Here py,, and px are the worst and best price ratios over the
given history. They satisfy O < pmn < Pmx-



Proof. It follows from the definitions of p,, @and pmx given in

12

) that p(d)

satisfies the entrywise inequalities

Pmn 1l < p(d) < pmx 1 foreveryd=1,---, D.

Let f € A. Because 1Tf = 1 and f > 0, the above entrywise inequalities

yield the bounds

Pmn < Pmn 1'f < P(d)Tf < Pmx 1'f < Pmx -

(13)

We see from (13) that for every f € A a lower bound for p(d)' f is p,, and

an upper bound for p(d)"f is pmy. Therefore we see from definition (11)

that A C Q[Pmn

ame] ]

It remains to show that Q[Pmnapmx] Is the smallest such set containing A.



Let 7+ and d be an asset and a day for which p;(d) = pmn given by

12).

Let f = e;, so that the only nonzero position held is in asset i. Then

P(d)Tf — P(d)Tei = pi(d) = pmn -
Clearly, f € Aand f ¢ Q, for every p > pm, by definition @)

Let 7 and d be an asset and a day for which p;(d) = pmx given by (

12).

Let f = ¢;, so that the only nonzero position held is in asset . Then

p(d)'f = p(d)'e; = p;i(d) = pmy-
Clearly, f € Aand f ¢ €2, for every p < pmy by definition (11).

Therefore A ¢ €21, 5 if [p, p] is a proper subset of [pmn, Pmx]-



Remark. The bounds (13) and the definition (10) of p___ imply that

pmn ngx S me‘

Remark. One way to assess risky assets for inclusion in a profolio is to
compute for each asset being considered the quantities

pg‘"“zmin{pi(d) d=1, - ,D},
pgnx=max{pi(d) cd=1,--- ,D}.

This should be done for a long history of five to ten or more years. Asset ¢
is accepted for inclusion in the portfolio if p;"" and p;" fall within a target
interval [p, p], and is rejected otherwise. The target interval should be large
enough to include major indicies like the S&P 500 and the Russell 2000. It
should be small enough that the risk is acceptable. This method will filter
out riskier assets.



