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Portfolio Models I: Portfolios with Risk-Free Assets

Risk-Free Assets. Until now we have considered portfolios that contain
only risky assets. We now consider two kinds of risk-free assets (assets
that have no volatility associated with them) that can play a major role in
portfolio management.

The first is a safe investment that pays dividends at a prescribed interest
rate ug;. This can be an FDIC insured bank account, or safe securities
such as US Treasury Bills, Notes, or Bonds. (U.S. Treasury Bills are used
most commonly.) You can only hold a long position in such an asset.

The second is a credit line from which you can borrow at a prescribed
interest rate p, up to your credit limit. Such a credit line should require
you to put up assets like real estate or part of your portfolio (a margin) as
collateral from which the borrowed money can be recovered if need be.
You can only hold a short position in such an asset.



We will assume that p > pu.;, because otherwise investors would make
money by borrowing at rate u, in order to invest at the greater rate p;.
(Here we are again neglecting transaction costs.) Because free money
does not sit around for long, market forces would quickly adjust the rates
so that u | > pug;. In practice, u , is about three points higher than p;.

We will also assume that a portfolio will not hold a position in both the safe
investment and the credit line when u > ;. To do so would effectively
be borrowing at rate u, in order to invest at the lesser rate p;. While there
can be cash-flow management reasons for holding such a position for a
short time, it is not a smart long term position.

These assumptions imply that every portfolio can be viewed as holding a
position in at most one risk-free asset: it can hold either a long position at
rate u;, a short position at rate ., or a neutral risk-free position.



Markowitz Portfolios. We now extend the notion of Markowitz portfolios
to portfolios that might include a single risk-free asset with return rate pr.
Let b.s(d) denote the balance in the risk-free asset at the start of day d.
For a long position us = ugi and bs(d) > 0, while for a short position
prf = per @and bre(d) < 0.

A Markowitz portfolio containing one risk-free asset and N risky assets is
uniquely determined by real numbers f,+ and {fi}f\le that satisfy

N
fe+ D fi=1, fre <1 ifany f; #0.
i=1

The portfolio is rebalanced at the start of each day so that
bre(d) ni(d)si(d—1) _
N(d—1) MN(d—1)

The condition fir < 1 if any f; # O states that the safe investment must
contain less than the net portfolio value unless it is the entire portfolio.

fi  fori=1,.--,N.
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lts value at the start of day d is

N
N(d—1) = by(d) + 3 ng(d) s;(d — 1),
i=1
while its value at the end of day d is

N
N(d) = brr(d) (1 + 5 prr) + D nid) si(d).
1=1

lts return rate for day d is therefore

_ _N(d)—n(d—-1)
r(d) = D nd—1)

ni(d)(si(d) — si(d — 1))

bre(d) ,Urf_l_ g:

T N(d-1) N(d—1)

= frf s + Z firi(d) = for puer + £ 1(d).
i=1



The portfolio return rate mean p and variance v are then given by

Dy, Dy,
p=3 wld)r(d) =3 w(d) (frfpr+ £ r(d))
d=1 d=1
Dy,
= Jrf e + fl ( Z w(d) r(d)) = Jrf trf + mea
d=1
v=b 3 g (@ -n) =3 5 T (e - T’

D
= (}) ) iw(d) (r(d) — m> <r(d) — m)T) f=f"VF.

d=1+ W

We thereby obtain the formulas

p=pr(1-1F)4+m'f, o=fTVFf.



Capital Allocation Lines. These formulas can be viewed as describing a
point that lies on a certain half-line in the o u-plane. Let (o, 1) be the point
in the ou-plane associated with the Markowitz portfolio characterized by
the distribution f % 0. Notice that 1'f = 1 — f,+ > 0 because f # 0.
Define

~ f

f=——.

1Tf

Notice that 1Tf = 1. Let i = m'f and 6 = VI' VI. Then (G,7) is
the point in the ou-plane associated with the Markowitz portfolio without
risk-free assets that is characterized by the distribution f. Because

= (1—1Tf) pee+1"f5,  o=1"fG,

we see that the point (o, 1) in the opu-plane lies on the half-line that starts
at the point (0O, i.¢) and passes through the point (&, fi) that corresponds
to a portfolio that does not contain the risk-free asset.



Conversely, given any point (&, 1) corresponding to a Markowitz portfolio
that contains no risk-free assets, consider the half-line

(o.0) = (67, (L= ugs +$fi)  where ¢ > 0.

If a portfolio corresponding to (&, i) has distribution f then the point on the
half-line given by ¢ corresponds to the portfolio with distribution f = ¢f.
This portfolio allocates 1 — 1Tf = 1 — ¢ of its value to the risk-free asset.
The risk-free asset is held long if € (0,1) and held short if ¢ > 1
while ¢ = 1 corresponds to a neutral position. We must restrict ¢ to
either (0, 1] or [1, co) depending on whether the risk-free asset is the safe
investment or the credit line. This segment of the half-line is called the
capital allocation line through (&, i1) associated with the risk-free asset.

We can therefore use the appropriate capital allocation lines to construct
the set of all points in the ou-plane associated with Markowitz portfolios
that contain a risk-free asset from the set of all points in the ou-plane
associated with Markowitz portfolios that contain no risk-free assets.



Efficient Frontier. We now use the capital allocation line construction
to see how the efficient frontier is modified by including risk-free assets.
Recall that the efficient frontier for portfolios that contain no risk-free assets
is given by

2 2
1= tmy + I/as\/O' — Omy foroc > omy -
Every point (&, ix) on this curve has a unique frontier portfolio associated

with it. Because u.+ < pmy there is a unique half-line that starts at the
point (O, u.¢) and is tangent to this curve. Denote this half-line by

p= pps + Vg0 forc > 0.

Let (oy4, Hig) b€ the point at which this tangency occurs. The unique
frontier portfolio associated with this point is called the tangency portfolio
associated with the risk-free asset; it has distribution ftg = f(“tg)' Then
the appropriate capital allocation line will be part of the efficient frontier.



The so-called tangency parameters, Otgr Mg and Vigs CaN be determined
from the equations

— - 2 2
Htg — Hrf + Ytg Otg » Htg — Emv + Vas\/atg —Omv >

e — Vas Ttg
tg — .
\/Utzg — Ur%v
The first equation states that (atg, 'U“tg> lies on the capital allocation line.
The second states that it also lies on the efficient frontier curve for portfolios
that contain no risk-free assets. The third equates the slope of the capital
allocation line to that of the efficient frontier curve at the point (atg, 'utg)'

By using the last equation to eliminate Vig from the first, and then using
the resulting equation to eliminate g from the second, we find that

2 2
KEmv — K Otg _ \/ 2 2 Omv

— 5 mv— 5 5
VaS \/O-tg - O-mv \/O-tg — O-mV




We thereby obtain

2 2 2
Vac O V4 o
Otg — Uva 14 ( L ) 3 Htg — Hmv | as v 3
Hmv = Hrf Hmv — Hyf

2
Vtg = I/as\l 1 —|— <va Mﬁ) .
Vas Omv
The distribution £, , of the tangency portfolio is then given by

Htg — Hmv «,—
frg = fr(utg) = fmy + : V2 A4 1(m - val)

2
_ o _
= oV 114+ —"™ VI (m— unp,1)

o2
— my V_l (m — ,U,rf]_) .
Hmv — Mg




Remark. The above formulas can be applied to either the safe investment
or the credit line by simply choosing the appropriate value of .

Example: One Risk-Free Rate Model. First consider the case when
P = pe < Pmy- St p e = pg = p and let Vg and oy, be the
slope and volatility of the tangency portfolio that is common to both the
safe investment and the credit line. The efficient frontier is then given by

pef(0) = pps + 1190 for o € [0, 00).

Let ftg be the distribution of the tangency portfolio that is common to both
the safe investment and the credit line. The distribution of the associated
portfolio is then given by

for(0) = —fry  foro € [0,00),
O'tg
These portfolios are constructed as follows:



. If ¢ = 0 then the investor holds only the safe investment;

Lifo e (O,atg) then the investor places

O-t — O

o 9 of the portfolio value in the safe investment,
Utg
e 7 ofthe portfolio value in the tangency portfolio f;;
Utg

ifo = Otq then the investor holds only the tangency portfolio ftg;
.if o € (014, 00) then the investor places
o = of the portfolio value in the tangency portfolio ftg,

O'tg

e by borrowing of this value from the credit line.

Oig



Example: Two Risk-Free Rates Model. Next consider the case when
pe < pe < Bmy- Let vg and o be the slope and volatility of the so-
called safe tangency portfolio associated with the safe investment. Let v,
and o be the slope and volatility of the so-called crediit tangency portfolio
associated with the credit line. The efficient frontier is then given by

/ -
e + Vst O for o € _O, O'St] ,
pef(0) = Pmy T ’/as\/U2 - Ur%v foro € :astﬂ Uct] ’
e T Vet o foro € [0, 0),
where
VstZVaS\l-i-(mv S') y  Ost = Tmv 1"‘( = mv) ’
Vas Omv \ Hmv — Hg;

2 2
Hmy — M Vas O

Vas Omyv Hmv — H¢



The return rate means for the tangency portfolios are

2 2 2 2
Vyc O Vyc O
st = Mmy T+ iR LI ) et = Bmy T ds TV 3
Hmv = Hgj Hmv — K¢
while the distributions of risky assets for these portfolios are
Un%v —1 Un%v —1
Hmv — Hg;j Hmv — M)

By the two fund property, the distribution of risky assets for any efficient
frontier portfolio is then given by

— £ for o € [0, 0],
i (o) (o)
per — por(o por(0) —
for(o) = < ct Tef o + ef st f. foro e (o, 0.),
Mct — Mst Hct — Hst
— 1t foro € [0, 00) .
L Fct




These portfolios are constructed as follows:
1. Iif o = 0 then the investor holds only the safe investment;

2. if o € (0,04) then the investor places

o Ist” of the portfolio value in the safe investment,
Ost
o« 7 ofthe portfolio value in the safe tangency portfolio fg;;
Ost

3. if o0 = o then the investor holds only the safe tangency portfolio f_;



4. if o € (o, 0.¢) then the investor holds

sty

o Hct ™ Her(o)

of the portfolio value in the safe tangency portfolio f;,

Pt = Mst
o) —
o Her () = Pt of the portfolio value in the credit tangency portfolio f-y;
Fct — Hst

5. if o0 = o then the investor holds only the credit tangency portfolio f;

6. if o € (0.4, 00) then the investor places

ct

o 7 ofthe portfolio value in the credit tangency portfolio f¢,
Oct
o — O'Ct

Oct

e by borrowing of this value from the credit line.



Remark. Some brokers will simply ask investors to select a o that reflects
the risk they are willing to take and then will build a portfolio for them that
is near the efficient frontier portfolio f_-(o). To guide this selection of o,
the broker will describe certain choices of o as being “very conservative”,
“conservative”, “aggressive”, or “very aggressive” without quantifying what
these terms mean. The performance of the resulting portfolio will often be
disappointing to those who selected a “very conservative” o and painful
to those who selected a “very aggressive” o. We will see reasons for this

when we develop model-based methods for selecting a o.

Credit Limits. The One Risk-Free Rate and Two Risk-Free Rates models
breakdown when u ., > umy because in that case the capital allocation
line construction fails. Moreover, both models become unrealistic for large
values of o, especially when p., is close to .y, because they require an
investor to borrow or to take short positions without bound. In practice such
positions are restricted by credit limits.



If we assume that in each case the lender is the broker and the collateral
is part of your portfolio then a simple model for credit limits is to restrict the
total short position of the portfolio to be a fraction £ > 0O of the net portfolio
value. The value of £ will depend upon market conditions, but brokers will
often allow ¢ > 1 and seldom allow ¢ > 5. This model becomes

1—-1Tf|—(1-1Tf)  |f|—-1Tf .
| |2( >_|_|| 2 <¢, where |f|= > |fil.
=1

This simplifies to the convex constraint
11— 1Tf| +|f] <14 2¢.

This additional constraint makes the minimization problem more difficult.
It can be solved numerically by using primal-dual algorithms from convex
optimization. Rather than studying this general problem, in the next section
we will consider the simpler problem of restricting to portfolios that contain
only long positions, which is equivalent to taking ¢ = 0O above.



Exercise. Consider the following groups of assets:

(a) Google, Microsoft, Exxon-Mobil, UPS, GE, and Ford stock in 2009;
(b) Google, Microsoft, Exxon-Mobil, UPS, GE, and Ford stock in 2007;
(c) S&P 500 and Russell 1000 and 2000 index funds in 2009;
(d) S&P 500 and Russell 1000 and 2000 index funds in 2007.

Assume that n; is the US Treasury Bill rate at the end of the given year,
and that u, is three percentage points higher. On a single graph plot
the points (o;, m;) for every asset in groups (a) and (c) along with the
efficient frontiers for group (a), for group (c), and for groups (a) and (c)
combined taking into account the risk-free assets. Do the same thing for
groups (b) and (d) on a second graph. (Use daily data.) Comment on any
relationships you see between the objects plotted on each graph.

Exercise. Find f; and f_, for the six asset groupings in the preceding
exercise. Compare the analogous groupings in 2007 and 2009.



